Multiplication

Given G defined by

Gzx0=0
Gzy = G.(rx2).(ydiv2) if ymod2 = 0
Gzy = z + Gua.(y—1) if ymod2 =1

we are asked to derive, for integers A and B , a program to compute G.A.B .

* k%

As invariant we choose P given by

Py : 0<y

Pr: GAB =71 + Guzy

which we initially establish with z,y,r = A, B,0 .

The postcondition is

R: r = G.A.B

The repetition can terminate whenever LHS.R = RHS.Pr :

r = r + Gay

= { arithmetic }
0 = Guay

= { properties of G }
y=0

and therefore y # 0 is an acceptable guard. Hence we are heading for a program of the form

z,y,r = A B,0
;do y#0  —
“Decrease y under invariance of P 7

od



We observe
|| Context:
r + G.x.y
{ymod2 = 0 , property of G}

P AN y#0 A ymod2 = 0

r + G.(xx2).(ydiv 2)

and

|[ Context: P AN y#0 A ymod2 =1
r + G.x.y

{ymod2 = 1 , property of G}

r+ o+ Ga.(y—1)

and the resulting program is

z,y,r = A B,0
;do y#£0 —
if ymod2 =0 — =z,y = xx*x2, ydiv2
[ ymod2 =1 — ry = r+4z y—1
fi
od

The proofs of termination and maintenance of Py under vy

and we thus omit them.

y—1 and vy :

= ydiv 2 are standard
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