
The natural unfold

(filed under “general programming techniques”)

A natural unfold, h , is a recursive function of the shape

h = unfold.p.f ≡ h.n = if p.n then 0 else 1 + h.(f.n)

In this note we will derive a procedure, unfoldn , which computes a natural
unfold.

* *
*

Specification

Let p : a ; Bool , f : a ; a and n : a . We specify unfoldn by

• unfoldn.p.f.n = if p.n then 0 else 1 + unfoldn.p.f.(f.n)

• [ wp.(unfoldn.p.f.n).R ≡ R ] for all R .

* *
*

Implementation

As unfoldn is recursive, we will use a loop to compute it. For r : Nat ,
N : a the postcondition of our loop is

r = unfoldn.b.f.N .

We choose as loop invariant

unfoldn.b.f.N = r + unfoldn.b.f.n

which we establish with r := 0 ; n := N .
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With regards to maintenance of the invariant we observe

|[ Context: b.n ⇒ unfoldn.b.f.n = 0

r + unfoldn.b.f.n

= { b.n }
r

]|

and

|[ Context: ¬b.n ⇒ unfoldn.b.f.n = 1 + unfoldn.b.f.(f.n)

r + unfoldn.b.f.n

= { ¬b.n }
r + 1 + unfoldn.b.f.(f.n)

= 5 r := r + 1 ; n := f.n 5
r + unfoldn.b.f.n

]| .

We have derived the following procedure

unfoldn.p.f.N = |[var n : a; r : Nat;
r := 0; n := N ;
do ¬b.n →

r := r + 1
; n := f.n

od;
r

]| .

So concludes our derivation.

* *
*

Example: The Linear Search
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For b : Nat ; Bool , the Linear Search is a standard algorithm for finding
the least x such that b.x , given that such an x exists. For i : Nat a
program for the Linear Search is

|[con b : Nat ; Bool; var x : Nat;

{〈∃ i :: b.i〉}
x := unfoldn.b.(1+).0

{b.x ∧ 〈∀ i : i < x : ¬b.i〉}
]| .
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