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é_z In this section, we are lookinj, ]ij wory O,P
exg\mF]e, —-Fpr o nontrivial dheorem obout rela-
Yional COmPosil-ion, Composition will he denoted
)93 an 'mF)ix “”  with a SJﬂ+acl-ic ]o:‘nc(iﬂj
power hisher than thot o() Hhe logicoJ ‘mﬁx oper-
alors but lower dhan thet of the unary o?er‘a-

L8 £¢ >
Yors 17 and ~%

We shall use thet the +ransrzosi+ion “au? clis-
Iributes over +the 1033001 oPerq'}ors, thal com-
osiYion is wonstonic in both its arjumen'}.s,
and +that composition and +ron5f>osi+ion Gre
couP\ed B\‘j the ((riﬁh'\'—exc\nanﬂe ”, ‘ror which
we choose here the -F%rmu]c«lion theat ‘For ol
X,v,z

(19) [X;D A Z S -@Jse] = [wx;z A Y =N -Fa\se]

The exchomae. rules enmable us +to mani])ulo\)-e
o comPosiHOn thoel occurs as antecedent, buk
Yhere are no o\na\oﬁous mc‘ni?ulahve OF]Oor-
-}uni}ies -Q:r Ca Com)oos}-}»ion -Hnec}- occurs as
cGnSequen’r, and  we Moy -qureaﬁre ex?ecL
c Tzrob em when %rj‘.rzj }o prove o theorem

|
OF -}he -@Brm
(20) [CA = b;c]
This Drob)em> however, can be overcome v ith

the aid of’ (16) . which stales thet we con
demonsYrate (201 by proving —in & Vvariation
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on (17) - {or c.r‘bi'}razj 2
(21)  [bijenz sfalse] = [anz = Rilse] |
and in this {ormulation of our Ff‘oo—ﬁ obliga-

Hon, the COMFOSi‘l"i on “\o;c” occurs GsS (COQW)C’-
in an)ontecedent , and 1s dhus ameneble To

manipulc.-)-ion vie. an eXC\no\nge rule?

We shall now Grs)r 9ive our calewlation dhal
'}rQns'ﬁDrms [b;c AN Z = ‘F)alse:] withouw? S}Tenj'H-n-
ening inte [aA =z = {)odse] , and shall ciscuss
the Proo? loter. Tn the course o‘F) the celedla-
Yion, suiteble values {Dor < and o will be
chosen. We observe -@r any ra

Lbse A 2 = {alse]

= {ri ht - exchange Q)
[mbgg A C @-Fc?sei]

= { choose c- [C'—ENd;eAF]S (B)
[~lo;’z. AN ~d;e A = -False-)

=3 { monotonicities : (<)
[(band);(zAae) A P = 'Fo\\se]

= {N distributes over /\?3 (D)
[(vGond); (zAe) A £ = 'Fa\se‘)

= { rishi*—exchomje} (E)

[(b/\d);? AN NZ = False.-_\
{ choose a: [a= (b/\d);f)/\ e]} (F)

(e~ = %{Dcz\\se] ,

and +thus we have Froved ('20.?7 with  the
choices made in steps (B) and (F), ie.

]
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(22) [Cb/\d);fm e = \D;Cfvc\;e A {))] >

o theorem , even uﬁher thon “the ()irs} ugb‘
"‘rheorem ,7’77 cip B ]__1 :l .

Remark  We have used (19) inshecd o? the
%rmu\a]-‘nm OF Yhe r‘\s}ﬂ--— e><c:lf1an3e. ]@‘arn ['2]

(23) fx{j > z] = [~x;002 =>"'3]
ancdl C'Z‘I) ms%—eo.d of wha } (17) wou\d have

giuen , vz,

[b,-c::e)z] =, [C\=-’>23 ,

'HA-ULS Q—VOid;nj "]'L]e neQC‘ OP ih+r0ClMCih (]QSQ-
tions  and moving derms back and Yorkh

wi“r\. -Hﬂe Shunl-url.«j ru&le
[ x 9 Vz—;—?(/\-tb =>2].

Tn [1] ) -n’\'ls econom 1S Gcl'\Ie\fed b\y -Hf\e

introduch on o{) 4he 7 somewhere q)gerc}of'-

(End OF Wemark )

§+6P A s ho}' Sur})r')s'mj because CQ!)
Was inknhona\b chosen 38 as 4o melke

%he Tijh}*exczhan e o l'icoJDle o iuLs ante -
cedenh. j FF

The purpos of” step B is do apply +h
pose of step s e
m ost 3tewera\ subslr’n I-LA-}'. oN f)cr \o } c}w}j C
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-Hr\crl' mcﬂces Cc)nf']-iht-nec;l mc\niy)ulo«}}o:m }OOS—
sikle. For b , L could not find o Pro-
duckive subshiban Yion : C\—g_ef‘ IG'.:: dwve
we <an «se composition's mono4onic;b
GS in ('\5’) BJ’F ‘}}1&‘)' C\"EG."\'QS 2 occhr-
rernces o Aduwmm Z > ond a@er b==c|1\e,
we aare s C.)& bQCO\u.,se Jf"':evw Compcjf‘;i_}ic:ﬂls
monotonicit as n (14) wWorks in Yhe
s rem c\iregg} on. IF,\nowe,uer, we Sswub-
shita e Ca comfosi'}ior\ Like "-‘d}e 'Vor‘
C ,*\nev) monotenicit as in  (14) works
) —Hne r'uj)'w}' d%rechon. -nﬁe 'lnc\us;'c:n o()
the addilional ‘ANF7 is | in o sense
o‘oliﬁo&orj iF we wish to \<eeT3 our
cT)’ricms open: since < occurs as
corU‘unc)" anal C_or\Junc\‘ion 15 CtﬁSOC-IQ']’iue,
the add;Honel A ()” does not hc.mloer*
the <combinction Q‘F) -H'\e lwo com oS\~
"-icms; anc\, urlhermore, om|SsSron CJP
)rlrze CoﬂJMﬂ("]' ,//\ ” can e in¥er)9rel-eo\
as o oss'\\o\J )oremo.Jrur‘e instontiction
= 4rue . (TThe choice oFy “Nd;@” inshead
) “d;e” :S an i\"rele\JQn\' V’V\QH‘QP o
e(%cjcmce; it allows ws o ignore that
{4 .

~“is iks own inverse.)

[

>

' lo; W mo onicit
S’i@f» C exp bs  $he not city
og) . (?Lu.s the usual ones g-om

Preclicc}e calcu.lus), and , in view of oui
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40:‘3@}, ow \"emainif? Cluc‘r 15 ""D ek}ri—

CG)H?— c\ummj 2 Tom e ComT)osi’Hon.

S*e? = (,ver orms «Hnas extractiem
b‘:j ~whal else?— a cecond a]'D)Deo\l ‘o
\:"lﬁb“ ~ exc\-\omse. a@er S‘}-er ay; hes re-
)oarec\ }he round. ( Step D could have
N P
been ?os¥Foned, ol Hrien loter sim-

T)Liﬁc‘c"%"m would have wneecled thatr “~
is own inverse.)

Our \Cgf\o\ Stﬁ _F embodies -Hﬂe e -~

Coani¥ion o at Yo choose {?::r 0.

ond thus we have desiﬁnecl and ‘PFDVGOI
Yteorem C'Zg) |

§§_ In [2] ,leg— and rlgkl-condi—}ions are
degne.cl b_j

(240.) (‘o IS o |e@—cohdﬂion> = [PB'}"‘*Q = }9]

(24bY (qisa r'BH--conc\'rHon) = [-]-ru.e.,c, = Ci] ;

we now —%cus our ottention on the riﬁlfﬂ'-—

condition.

Ir\ ‘:‘2] » Teijcn & von 9qs¥eren Poin‘)‘ owt
that — becouse [-‘:ru.e-,x &= x} —{c);r aoll x —
deﬁnisﬁon (24b) s qufVc‘eh‘)‘ 1o

(25" (q IS & righ}‘—-ccnok}ion) = {-]rue.',c.] = q] ’
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the ri3h+*hqnd side oP wLic‘—\ s ﬂ?ormo\n
weaker than Yhat of (@4b). Lincoln A. Wellen
hees —}-aujk'} ws a 91‘@0}61’ awareness o
m0no'¥-onici):tj arquments and lYas ur'Sed
@S Yo nobkice when we used cmb one
direcYion og) a muluwal impolication . To jbrc;vé
that a relation s ¢ ’I"l'q‘n)'-Cono\i)"iO'ﬂ, (2s)
S more Cc;n\feﬂ'len}‘ »Q:r‘ H;;e —Rarmul&%*ion o{)
the demonstrandum dhan (€b) .

When 4r iV\S ‘o use ”H')c.} a re\ccl':on 'S ogh
r‘ic}\Jr—*C.ohd}Euon, {éf‘mc&“ .3}'1‘01} r C'/\Gr'c\c)-er':m-
) | F -
Yons ore, in general, 15 be J’DT'e@rred.__TJ:le
S)rr‘on er (12_@ CO\]D)'L.«FQ.S [}rue;,Xé X}

- — which «ﬁ)“uws the existence "]0 a newlral
elemevﬂ~ O-F) —l}\e comPosi‘hon and e 10&'}?"'5
monotonicite, -~ . Here T FFOFOSQ another

sl-f‘eng—\—\f»eniflﬁ o() (25‘) , one 'Hna)- caplures

COM‘FOST}"\W\5' W\cmo}-onicib (‘m its L

m:cjumenJ-):
(‘26) (c\ 1S C riah]-~concli}ion) = <Vx:: {x;q %q_)> .

We sha” wse -Hf\'as de ani']":on (}wic:e) “4o )?rove
the —E)”ouoir:j “hQOFEm:

(qis o r'ijhl--conol#uon) = (‘]q is & rljh*-condi'hon)

M We ebserve ’(gf Car‘bi%c.:j reladion 9
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("ﬂ is o riah-;-condi-l’aon)
= {(‘26) with q:= '\q‘%
<Vx:: [X',ﬂc] = "lcl:)>
= { (23), ie. riﬁ‘hl- -exc)qo‘qgeg
<Vx b [NX’,G‘ = O\-}>
&= { in5¥on¥1 OL‘\"IOh X = "“X’S
(Vx:: [X,':C\ —“>01]>
1 (26D
<q 1s O r}5h+—conoli+ion>

i

(End o? “Yroo -f)

In both [1] and [2] , the Proo]-P o? this
theorem GFPQC\}S 4o [~Yrue = —\rue] , where.
as -H‘)e. cb ove )oroo]? does no} use oan
?ro]?er’}ies (o ~~ or -l-ru.e . 'ﬂ')e manivula-
tive d'iSc\cl\rom;‘c-je op (‘25) S -quJ o+ con-
Yains o conskant N)‘Jose Frbf:er}ies we have

Yo use.

The heuristic s'ﬁnl()icance o() f(c))rmu.\om'}io:n
(26) is that it almost dictetes \rxm:;r.o-]w:yr\ic'.]:j
orgumeri\s be cause -H\e —P&c\' -ch..‘} reﬁxing
q \rij an olrbiﬂh'o.r;j 3”7 weakens ii, ful
Caka\rc-:s Yhat q 'S QA r'uﬁm-—condihor\. In
o{'her wWords , .'-C —?or instance, Wwe sel our-

selves o ]orove Yhat -(éf' G riﬁh\-—cOndi}ion CI

C‘Z?) [qg'\'rue;mq = q-,.-uc]] .
the imP\icQ-Hon 513n in (28) “Fells «s thet
O, F}ng—}')onj Grgumen+ is GFFFOPria+€.
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Wemark When '?acecl with o) c\emons-}ranclum
OF) the \Qarm [(A=B) we have a demon-
strandum +tha}l does not cleFe,nc\ Coan*i) mono-
4onic.q\\3 on either A or B . YHence,
roving dhis direcHy ecan only Ye done b
ZFFQQQinj to Leibniz's %:ﬁin-cijale, e, 1:3;3
Voiue-]oreservinj 4ransﬂporma-ﬁons. (\/Je Have
Seen an examfie o? ‘HF)'I.S " Section 1.)
/\?Ewrihnj ‘he C{emons+randum as wmulual
ImTJ\.ico.}')oﬁ (6=B]) A [AeB) elds
twro corljunc\‘s -Hna'l‘ gl__g c\ePenc\ omlri)mono..
’}-onicc\”j on both A and B 7!_ Because
we \'tke Jro Qvoic\ avoidab\e F"n,ci”Por.‘ﬁ C\B(A—-
ments | i+ is nice Yo recognize circumstances

under which -—}h%j are indjcated. (Endof)
ff?em‘arl()

In Provinj (’27) e o\o.serve Qr‘ Finj:
[ gstrue; ~q « c];'vq]

< {m:ano?-onic_?;j of) ;S
[Cp'}'ru.e < Q]
= { Uxsdrue €« xS

"\'T e s

o demonstration in which we did not use
that q s G Tlﬂh‘}-cof\di’\'ioh. For pon

we observe -an;} we can S'}renj”wen the

ri 5}.}“ hand Side:

[qsdrue;~q = q;~q)



EwdDils5o-21

< {C26> with  x:= qi"""“e?""[}
[C’)"‘rue)-Ncl = c,;-l'rue)-mq;ol').«aq]
< fhnono}-onicib o]p 2§
[~9 = ~q;9;~q]
= { (28) with b:= NC\%

true ,

L

—~ see [1]-

where -H«-.e ﬁSee.swao \ew\ma
28) [b > b;ka; \D]

{é:l\ouos fom (225 with c\,e,—F:: b,b,drue
(Wnow‘edje OF) the seesaw lemma dei-Heol\:j
he\ras in the <hoice o? how 1o instantiede
x in o (26) .)

§ 2 I"\ [1] "m';ddie—condi H ons ‘ are in)‘ro clu.c,ecl
°Y
(’?_9) Cﬁcf s a midd]e-conc\i}ion) = [_c = 3-) ,

where "3” is +the new}m[ elemen‘]' OFD “; »
Rlso \")ere, -Hqg C ons+0n'|- can be e'i mi ﬂC«:‘}e <l
—f:?om the deﬁni-l-ion: we could have clegnecl

30) (¢ is « middle-condition) = <V><== [e;x =>?ﬂ>

or

(31) (¢ 1s o wmiddle-condition) = <\v’x::[x;c = x]) ,
Th other wor‘ds) - beinj a middle-condilion
s CGID"LAFQO‘

'D:Q the Hact  that the Pre@x )
oraer‘c«%of‘ “c;7* and Fhe ]oos-}ﬁx oPech-o,- s
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are S‘I'I'Qﬁj‘l'}'\eninﬁ OYDercrlorS. The imPIica4ion
Signs in  these def)inijrions +ell ws -Hrm-}, {ér‘

ins-l-o\nce,
(32) [csmc] -For middle-condition ¢

has +o be Provec{ bf_‘] mglLuC.I im)ol'nc*c.Jrion,
Since [~>< sx] = [x:prux] , it Suﬁ?ces

‘o PFOVe [C = NC] . We observe +o '}his end
~C

< {(30) with x.=~c}
c,~C

< § (31) with x.= ¢;~ve
Cc,~cC, C

<= { (28) with b:= CS
C .

Qur wish 3o copl strencthenin operators
Sugcested +o SEFE ot J,.\,-Tg Con‘éaeo\ue]aon‘)‘ and
%eﬁl??ré hoo s*ef)s dhen -{;”owed. (F\nd we

were Jus}- \ucke, thot we did not Yy o

Freue [mc = C cz.c:cord‘:r\é "ro '\-He_ choove S‘Cheme)

§ AO. Let me conclude . We set ouwt Yo ex-
lore —Q:r an+istmef\-ric and reyiexive rela-
f‘mr\s +he inJrer]o!o:j belween calculating with
equalities and inegualities, the |atter drawing
our otention 1o m0ﬁo¥on‘acitvj arciments.

Tn ]Oc:ssinﬁ we encour)"l:er'ed &6 number o
instonces  —=(2),(3), (16), (26), (30), (31) —
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whef‘e, somelimes 4o clear advantage ,
o ‘()ormu\c\ or de‘(;a"ni}'ion could be rewritten
as G universa\lj cluan-l-i»ﬁed eX)Of—eSSior\.

A closel related )roTDic. s the design
O{) caleu lotional roo% o{) -quorems a%ou+
ex¥reme sSolutions. Since +this ‘]‘o]oic: has
been dealt with  in [OJ we ‘5]0&” not
pursue i+ here. To close T shall borrow

an exam]—)le {?‘om [‘\] Yo show ‘H’\Q"‘ also

here um\fer:%al qlAG’h‘}'iﬁQct‘]"lOf\ can be used
1o eliminc}e a constant. Thslecd oF
deﬁn‘rnﬂ the I‘eﬁexivc dransitive <losure bj

(s* is the re.ﬁexive, Aransitive closure o? S)E

(s* 1s the s-)'ron3254 solution O]P x:va S)X = x])
we can deﬁne s* equiva]enf}b \:)3

<\V/L‘:: 3*;{2 is —Hne S%ronﬁes} solution OF
x: [tv ssx = %]

We s}\an no+ TePec.‘)' the steandard Proof
ere Cwhich is, as is Yo be @xPecl-ecl, a

ing-pon arcument) . We do wish ‘o
PD?"‘}P 024‘ thot the instentichion b= J

returns —}106 oﬂg‘md deﬁnﬂ-‘:on.

C\aknowiedge.men}'s anone {%ﬁmi{i&r‘ Wr“ﬂ
their wsritin s wi” realize -l-l'\o.+ T oam

Sreaer enclebted to  Rubger M. Dgksire,
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N.H.J.Tei'en, and Q.J.M.von Sas-l-er‘en.

[O] “Predicete Calewlus and Program Semantics,

Edsjer' IS, ’:ijks%-rau K Carel S. Scho”‘en,
S)ormﬁeﬁ\fer‘laﬁ, 1990

[’l] /\\DC—:’lalrional CO-]Cu.‘u.s and /Re]o.)riono\\
/PrcSr“o\m Semanhcs)
/Ru&aer M ’:DU kestra
1992

[‘2—.] An Tﬂ}l‘bduchon o -n've /\‘?elc\\ional

CQ\Cu‘uS,

\,\J,H,B.'—Feaen & Q.j.ﬂ. v Oon 9qslreren

QPTJ ecred in:

C.S. Scholten Dedliceta: Van oucle
mac\flines en hitkwe re\cenw‘ﬂzen)

\\).H,D.'i-—ejjeﬂ & Q). M. von 9@6*@”2'1 (Eds.)

Schoonhc::ven., R cademic S'Er"uice, 1991

Austin, 11 F\Pr-.l 1993

rofdr. Edsser‘ W ‘ngs]rc.
".De\oorl'men'}' o? Comru*}er’ Sciences

“The Uniu'ersil:j o]P’Texae ot Austin
Rustin, TX 78712~ 1188
USh
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A very clever and impressive (but Hmlﬂ]g
LY)EF&CLE\.JQIQ) Pr‘oor Or a beauhru.’ t"’eor‘“t‘m.

\A/\'E}o r and 5 r‘elcﬂ::'onb, t\ﬁe becxul:.')(:s.‘

(Zlﬂeor‘em re«ad,s

W]’Tfrf
0: T s we”*-(ouncfeol
f ! A 15 well -founded
2 rvs 4 krarmsibive
3 v 5 Ls WE”—Qune{eo(
F 6
%
1—-’-9,141’\’ @001"3”?'305:
-
W\’?D 00mmunfcai:ecl (’.\’h‘.&u t\ﬂeorem, QLU‘:& a

number of r.veo'p]e have Eried to prove ik within
E[’n ‘re’al:a'cmal Ca)Culub, and tlﬂej q” rai']-eol; QKCEFE
Lor Hemla Dosrmboa \’J\qa aﬁrtr‘ o lonj,lonﬁ wl-n'lt.
and alter any  Serious efrorl:.s ercountbered a
PFOOp Hemk fmcorioora‘:cal_ Im'.s Prao(’ A "’III..:-
porlefmown'hj (HqD~tLﬂc5f,:> arid Pr'ovic{eo{ a, Lleum'.b'w
Lics. TAut !:,\'mf: \’7~eu.r't'.5‘=f'c,5 {5 80 Mrcomvincing
that we leave 1f out lere \We Jubl: Pre&ené
Henk & r'oo(‘ as one ’ong C.a.ic:u.lat:'on‘ The main

characteriskic oF the yorobof is that Hoe rijhb El'ﬂnj
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e O{oru: at EJ’)E_ riﬂxﬂz mam8nf, ard f:LmL ﬂogoc{g
k¥ owss w)r;en wheal is r’iﬂ\’al‘f _ﬂqg reasor for
exi:r"a.c(:t‘nj thris passage 'Fl'cm H-ent—e's “*D - ’c’qe::fs,
is  the Frol::!em':: r‘l“gLﬂ: o(’ existermce ol bj bsell

* ¥
x

\We For-mo..h&-e_ 0,1, 2, and » ., éﬂti"E‘D u:;(nj
’TQMEﬁer M. D\:ﬂzs&rqi& fnrmu.}al:foh o-r we)]{’ cunded -

Fess .

(0) (Wx:: [x = x50 ] = [x = false ] \

(1) (Vi [x 9 x5 6] = [xo false] )

@) [ (rvs)s GCvs) = rvs)

(3) (Wx:: [ x = xi(rvs) | = [x=9 Calse 1Y

EXF\QV‘)&HUH Qelaé{cn roo4s we”-Cou.no[cc[ rrieans
L’L‘;al: eq,ua.‘:;or\ x ! [J( = K,;l”] L-,Q5 \Cq_l:,e as
iks weakest solubionr . 333 Kna.sf;erwﬁramiei, (0)
As Ehe “exl:r‘er'Ly Pm’é“ op re WEH— Founc[ealheasﬁ
There (s | ttle r.»oc'nb in wrf&fhﬁ down the :éao}vesﬁ
p@r&“ in Ehis case.

End or EXPlano.{:{on.

\We row prove (3) that, for any x, (3) 3
Conjecpwcmﬁ LS true . \We Elnerekﬁ nse (0), (!),

(2), awd
(%) x= x2 (rv:;_)J )

the amntecedent of’ )
OFF we go.
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[ X =P ra\jej
(0) } ~'
i; x:,"'} } ‘ -
[x L,ul’)kfhj' &lse ] [—B 5 |
{é (Xj r) ) L) t‘r‘rql:
- ):>e &L e
[ x let y
[ o
e ]
=) Fa :
[ H { (*) } \qown lal:er“
[.H@gjﬁ] 20, ko be 4
‘ [ Leernm

A (x3r) ]
X515 A )
[H;‘Méc; (4)
( pros

+ .../3 J
= Y
(x;r)
3 A -\ -1 | | IK
[.x { é\q‘«thlzumg}v . é] (r'vf)) ]
y X7 [ x= xu BJ"SJPH}
[K}_S ll) H X, r N~ tr!:t‘on c
{ by (xJ (rvs) s delin b ]
5 = ] [Fomm o
” X & R LB
[ { Lx B > Q—V-SJ 3 r
= Y
LA
[ %3

&
c["! E:l')a
L J:)e FYN

leb w

{o

}
s ]
“
(rvs)™
=)
[ uss | é]

Cu

Y
=

A
L xs

(5 romoboni
Ps) i
{ s
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[x = ysu]
[ shunting}

L x ~ a(ysu) = ralse]
() with  x:=s x~ (i) }

[ %~ a(ye) = (x~ 2lpa)sr |
[ Lermmat . to be ahown below :

-

(@~ b):c & ac ~ ‘“'i(«b)C)] }
[x ~ 2(ysuy = s o~ 4 (ysuwsr) ]
{ shunking)
[x =2 yu v (x5~ A (ysusr) ) ]
{Prcaticqte m\cﬂus}
[x =@ youw v x:r]
~ [ xo yiu~v A (ysasr) ]
{c{ef;m't-ion of y & .:s\vmnhng}
[y oyl ~ [x ~ gwr = ygsu]
(relatioral and predicabe caleulus]
[Toul ~ Lwr=ul
(predicate caleulus]
[T v wr = u ]
{ defimibion of =}
[u= v ]

.{o ie!: W loe ét-tc.") !:Lmé [u.s" r‘"] }

brue .
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And Hhus Com‘o!el:e; &\’)e ‘main Qm‘cu\a!:icgnn

The remainin o‘n’ngabons are to Q“”ECL"
L—{—)e éo!vﬁ.l:)fli!:_(-’ 0?

e re?w{r“emenl:;» on WL,
armd ko prove Lermmea 0 and Jermimalt

?rouf or femmqﬂ
Y

{deﬁtm{[ﬂon a( ng}
Ko T (XJ r")
[ @)}
Xs(rvs) o~ S(xr)
{35 over v
(X317 ~ X55) ~ a(xr)
{Prec[(cate QG.[CM[H.‘J}
X356 ~ (x:r)

End

A

M

i

Hj

/Pr“oo[ or -:\:loe a1

::nr“ Rn5 Ct,l),c we Llavc

{(a«ab)_:c <& alc -~ ﬁ(-J:DJC_)_]

=z { bl’!ﬂh&l‘nﬁ }
[(ﬂf\-’b)sc v bic <« a,,-c:]
4'-‘ ‘{r'e—[ﬂ-(TJJOWQj Qajcu[u§}

[@nab) v b < a]
{Prec{(caﬁe caica]u..s}

i

Erue

End
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?& L \f\/e ‘f‘mve to J:Snow E Y‘x; L = Q’f‘vé)*.z r v_S_]

This s tL)e F‘ace where the Er“an.sl'f:iva'!;B
0{, rvs L e (2, Wf” erker E"?e game . Ard the

onfj E"‘ll‘hj we Mmse of tk 4s

() [rie = rves]
\/\/e o.b.serve_

\:T'x,; L = (r‘vé:)*; -V 6]
{e lebt 2 be such that
[z = (rva)®or v s1 '}
(v s = )
& { v s 4 the skrongest solution
of x: Lo~ ruix =x] }
(o~ vz = 2]
[ {&=2]]
[z » 2]

{ definition of z}
Crywsysr = 2] ~ (e 2]
& {(5)]}

Lrs veYe r = 2] ~ [rvs = 3]

-{r‘l‘glﬂr cor:du.ncl: = Eme}

(rs (Fvs). ro 2]

& { r =3 r‘vsJ}

LGvse)s Gvae)t, r = :-'_LJ
{de.ffn(éa'cn of 2}

krue |

End
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e

Of course, the CPLLE.SQH'O\’} (s Can we do laekf:e.rg

v

\,\jﬂj \@'en
31 Jﬂﬂuafj Hqé





