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Counting divisors

Recently, a fellow math teacher mentioned the problem of finding the smallest number
with 15 divisors. He also mentioned his solution: First, he realized that a number with
an odd number of divisors is a perfect square. Then, he enumerated the perfect squares
until he found the first with 15 divisors.

This solution works well enough, but it is a little unsatisfying from a pedagogical per-
spective, for a few reasons: For one, you just have to realize the connection between
an odd number of divisors and perfect squares. To me, invoking this property is a little
unmotivated, like the magician pulling a rabbit out of the proverbial hat. For two, if we
were to generalize the strategy by replacing 15 with any odd number, it would become
quite tedious to enumerate and check every perfect square. And for three, the strategy is
only generalizable to perfect squares.

In this note, I present some of my reasoning about my solution. The solution itself is
simple, but by exploring the development of that solution in detail, I will be able to share
a lot of interesting observations about mathematical thought. I provide some heuristic
comments in italics. These may be skipped on first reading.

∗ ∗
∗

Since in mathematics we like to aim for general solutions, it is often fruitful to generalize
the problem from the start. By focussing on one salient property, we can learn a lot, without
being distracted by the other details of the problem. (See JAW45 for more on this point.)

The direction of abstraction is a matter of taste, of course. My taste in this problem is
to abstract away from the specificity of ‘15’ , as well as from the condition of ‘smallest’ .
What remains is simply the question of how many divisors a number has.

Now that we have found an abstraction, we will discuss only this abstraction, and leave
all other (now irrelevant) details of the original problem aside. Only once we finish our
present investigation will we apply it to the original problem. This is called a ‘separation
of concerns’ . Also, we have formed a pleasant ‘interface’ with the original problem:
our new problem is easier to reason about, but still allows us to reason about the original
problem.

∗ ∗
∗

The question of how many divisors a number has is a counting problem. The general
strategy in a counting problem is to count one thing in terms of another thing which is
hopefully easier to count. In this particular problem, we want to count the number of
divisors. The simplest sort of divisor being a prime divisor, it is reasonable to think that
we could relate the number of divisors to the number of prime divisors. Let’s investigate.

Please notice that in the last paragraph, there was another example of abstraction and
interface formation. In order to get a grapple on the particular problem of counting divisors,
I abstracted to the problem of counting in general. On this ‘general side’ of the interface,
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I gave a general solution. Finally, I applied it to the problem at hand in order to direct the
investigation.

∗ ∗
∗

Now, by introducing the notion of ‘prime’ , we have created an interface with the
original problem statement: we intend to reason about the original concepts in terms of
new ones. So the first order of business should be to understand the original concepts of
‘number’ and ‘divisor’ in terms of the new concept ‘prime’ .

Every number (except 0 ) equals the product of a unique bag of primes, where by
‘bag’ I just mean an unordered collection where repetitions are allowed. (The product
of an empty bag equals 1 , just as the sum of an empty bag equals 0 .) So in our
interface, a number corresponds to that unique bag. A divisor of that number corresponds
to a subbag of this bag of primes. The question of how many divisors a number has thus
translates to: “How many ways are there to form such a subbag?” .

With this translation, we have crossed another interface. As before, we leave the old
concepts behind for now and reason in terms of the new ones. In mathematical contexts,
interfaces have been called ‘logical firewalls’ , and not without good reason: we work on
one side of the interface or the other, but not both at once. The work we do on separate
sides is related by the interface itself.

∗ ∗
∗

We use another interface to abstract away from primes, and solve the problem for bags
in general.

Since bags are unordered, the sole determinant of a subbag is how many of each element
of the original bag appears in the subbag. So if an element p appears n times in the
original bag, there are n + 1 choices for how many times p appears in the subbag. ( 0
through n , inclusive.) By the multiplicative rule of counting, we then simply multiply
the number of choices together, for each p .

We have solved the abstract problem. Now let’s apply it.

Applying this: If a prime p appears n times in the original bag, there are n + 1
choices for how many times p appears in the subbag. By the multiplicative rule of
counting, we multiply the number of choices together, for each p .

We have solved the problem in terms of bags. Now let’s solve it in terms of numbers.

We use the same translation as before to rephrase this result in terms of numbers: If a
prime p appears to the power n in the original number, there are n + 1 choices for
the power of p in the divisor. By the multiplicative rule of counting, we multiply the
number of choices together, for each prime divisor p .

And now we are done.

∗ ∗
∗
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These two sentences have elegantly solved our generalized problem. (So elegantly that
I could explain the sentences to a non-mathematical friend on a napkin in a few minutes,
over dinner.)

But notice how much work went into deriving those sentences in an organized fashion.
The moral of the story is that beautiful, crisp mathematical results are highly compact
deposits of our intellectual labor. (In Edsger W. Dijkstra’s phrasing.)

In real-time, of course, things can go much faster, as we develop more experience with
thinking in this disciplined way. Finding the above solution took me no more than 20
seconds. It took much longer here to spell out all the powerful techniques of reasoning
which helped me find that answer; techniques which, thanks to my training, I now use
almost effortlessly. (Two or three years ago, I would not have solved the problem nearly
so well, if at all.)

∗ ∗
∗

Finally, let’s return to the original problem of finding the smallest number with 15
divisors. Since the two factorizations of 15 are 15 and 5∗3 , the powers of the primes
in a number with 15 divisors are either 14 or 4, 2 . Since we are aiming for the
smallest such number, we should choose the smallest prime divisors, and so with a little
effort we find that the smallest number is:

24 ∗ 32 = 144 .

With this method, we could similarly find the smallest number with 8 divisors. The
choice is between 27 , 23 ∗31 , and 21 ∗31 ∗51 . (Corresponding to the factorizations:
8 ; 4 ∗ 2 ; 2 ∗ 2 ∗ 2 .) The smallest is 23 ∗ 31 = 24 .

∗ ∗
∗

The interested reader may now wish to try this problem: What is the smallest number
n for which the smallest number with n divisors is divisible by 5 ?
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