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A short note on (non)empty types

In this note, we prove a simple theorem and discuss our proof. The theorem is: Let

x and y have the same type, let Q be idempotent and punctual, and let t be

punctual. Then we have:

(0) 〈∀x, y :: x = y 〉 ⇒ 〈Qx :: t.x〉 = t.y for all y .

And here is the proof: for all y , we have:

〈Qx :: t.x〉

= { antecedent of (0) , punctuality }

〈Qx :: t.y〉

= { Q is idempotent, vacuous quantification (see below) }

t.y .

Now, typically the theorem of vacuous quantification is stated: If Q is idempotent,

the range (type) of x is nonempty, and P does not depend on x , we have:

〈Qx :: P 〉 = P .

In general, this does not hold if the type of x is empty, viz:

〈∀x : false : false〉 6= false .

But note that (0) holds even when the type of x is empty! For then the type of y is

empty as well, and hence (0) equivales true , because of the universal quantification

over y . One wonders whether our theory of punctual calculations would allow us to do

away with this case distinction.

When our context implies the type of x , all of our usual theorems that hold for

“nonempty range” lose that restriction. Thus we have the unbracketed results:

〈∀x :: t.x〉 ⇒ t.x

〈∃x :: true〉

〈∀x :: t.x〉 ⇒ 〈∃x :: t.x〉

〈∀x :: P 〉 ≡ P

〈∀x :: P ∧ t.x〉 ≡ P ∧ 〈∀x :: t.x〉 ,

and so forth.
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Also recall that when our demonstrandum has the shape P.y.z , with free variables

y and z , we preface our calculation with the phrase “for all y and z ” , which means

“for all y and z satisfying the types of y and z ” , or more simply, that the types of

y and z are available in the context.

In the above calculation, y is a free variable, hence its type is available in the context.

But since y and x share the same type, the type of x is available in the context, and

this is what allows us to carry out the last step of the calculation without the assumption

of nonempty type.

So to summarize, here is the same calculation, with clearer annotation. For all y ,

〈Qx :: t.x〉

= { using antecedent of (0) , punctuality }

〈Qx :: t.y〉

= { type of y , hence type of x ; vacuous quantification }

t.y .

And this concludes our little note.

∗ ∗
∗

(Here is yet another note about the everywhere operator that does not have a single

occurrence of that operator.)

An apology. On July 19th, 2016, my internet colleague Musa Al-hassy pointed out

that I had made a serious error in this JAW by not stipulating that Q is idempotent.

It took me close to four years to fix the error. Thank you, Musa. In my defense, all I can

say is: kids, man. (End of An apology.)
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