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A problem communicated to us from Burghard von Karger via C.A.R. Hoare is, given the definition

of &, forall @, as
[OQ = true; Q; lrue] ,
prove

[Q = -CP] A
[P; P = —-0Q)]
=
[P* = —~OQ)] ;

for all P and . The definition of * is that from the regularity calculus, namely, for any P, P* is
the strongest solution of

(0) X:[X=JVP; X]
By Knaster Tarski, we can reformulate (0) as: P* is the strongest solution of
(1) X:[X<JVvP; X]

The problem also bears a stipulation that the cone rule not be used in the proof.

In examining the problem, we note that for P : [-P], the statement does not hold without also
using in the antecedent

[J = =0Q]

Hence, we change the problem to add this as a conjunct in the antecedent, and calculate, for any P and

Q,



KRML 25 -1

[P* = =0Q)
= { P* isstrongest solution of (1): [JV P; X = X] = [P* = X], with X :=-CQ 1}
[JVP; =0Q = Q)]
= { calculus }
[J = =0QIN[P; ~0Q = =0Q]
= { modified problem statement: [J = —-@] }
[P; ~0Q = ~OQ)]
= { [P = {rue] and monotonicity }
[true; =OQ = —~OQ)]
= { right exchange }
[~ true; OQ = Q)]
= { < and associativity of ; }
[~ true; true; Q; true = OQ)]
= { [true = ~ true] and [true; {rue = true] }
[true; Q; true = OQ)]
= { < and calculus }
true
Suspiciously, we have not in this proof used the antecedent for the original problem. Another curiosity is

that in our very first step, we use the substitution X := =0Q, and =<$Q is not even a solution of (0)
for P*.

We trace the source of the problem as follows. The contrapositive of the statement
If @ 1s contained in P, then either @ is contained in P; P, or P is contained in @ .

inspired the problem. Operator < | pronounced “ever”, was borrowed from temporal logic, and <@ was
intended to represent those strings that contain some string from @ as a substring. Negation provides set
complement, and [ = ] subset. But to apply the relational calculus to a problem of regular expressions,
one needs a model, like the one described in [0], that satisfies the axioms of the relational calculus. Then
we have

[P = ~0Q)]

{ interpretation }

Y(p,qg:P.pAQ.q:q isnot asubstring of p)

{ interpretation }

V(p,g: PpAQ.q:—-3(r,sr; ¢ 8 = p))
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= { choose r;s:=~g¢,p }
false ,

which shows that the interpretation of substrings is not what the original problem intended.
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