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A small relatioral Prm{-‘ ,
for the record

’?ecewﬁ\j, Rolo Hooezrwoord mentioned a
Pr—a‘bo.'blj well-known theorem on monotonic

Punctions. because he was interested in
a relational proof. This note records one

Su C.\ﬁ Pfccp.

3¢

The theorem
In what -?o\lnws, RY  denctes the transitive
closure of relation R . Furthermore , with
-F is R=>S-menctonic C"R }o S manal:nnic")

we indicate that -?u.nchic:n f s monotonic
with res pect *o relation R on its domain and
ra\ai'ian S on its range. In this -i;e.rminainsljJ
the theorem Lo be pfoved is :

Theorem
? is RS- 'rnono'l:onic = f s R'—> St mano‘\'anic ;
B

Remark The theorem ariainallu mentianed I::a Rob
Hooﬁerwaurd stated thot , for tmnsibive relation

S, we have -

£is R>S-monotamic = £ is R">S- monotomic.
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'T\n'ls_, 'howe.;rEr_, is an immediate Congequence
°‘$ cwur H'w.a'rcm ’ Sinc:f 'S hansfﬁ'fe" = S*=$.

8 Remark .

Some Pra‘i minaries

In Pact, now all there is to do is to find o
relational —or,rather a Pninl:--Pree—- rendering
of the notion ’P*&.*mnna‘:oni:iéﬂ and then start
colculaking .  Before doing so, however, let me
brief—l:j summarize ‘t}ne elemshl.‘a.rfe_‘: o.f rE.|a-‘!‘l'Dna.|._
colaulation . TFor the time beith such a summary
is needed , because there are a lot of choices to
be made, both na’ca.!:—ianalltj and ﬂ.‘ancePl:ualls,
oand because as t_.je.'!: the Ecﬂculn_{:ional tommu -
ni{-.lj has not aﬂreed on a sPEEiF;c choice .
The chsoice made here is CEF%qinltj open to
discussion, but such a discussion is beyend

the scope c:.f- this little note .

The choices made belon are based on our
view af raln.i:ians as Predica,i:e_s .

. I(Rt:l = x is related to y 'b:]’f{

* y={x . y £ x ( function as relation)
0 [QWS] » (V:c,&:-;-_?‘.j,- 15,1)

e« [RaS] = (Vay = “le’ % S

¥ e laker , ‘for details needed {or a P"ﬂﬁe "-"P this.
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’Ee\nkional mmpcsi[;ian and re.\a.bianal Converlse

are dﬂﬂc‘}ﬂd L‘-‘-U an 'Ih..Pix ';' a_hd a Frepix .M;

respectively , and given by :
L = 'R_;S Y E <3z'-= xRz ~ =2 Sg} (*J:,.,)
a T n:R Jj a2 H ? x - {V'!,lj)

With these we con derive other useful rules like
e fx R Y v x ~f7R Y

¢ x RPy = x Rfy ,

oand

o TR kansitive = [R,R = TR]

e R (right) functional = [R;~R = 11,

where T iz the ident:ﬂﬂ af c.ampasﬂ-[an "
.3lv'1=:n IDU x ':] Y | :.I-:HJ (Uz,s_g) ;

We leave the calcuwlus ak {ZLis and calewlate:

£ s P->Q-monoctonic
= ‘flde-Pini‘{'.ian}
(V::,Ej: m-_’?:j v fx Q f5>

=z {_a.baw:.%
(Vey: Py = = ~f5QF )
= {abnveg

[P= P, @;p]
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With P* defined to be the |east solubion of
b & [?v XJ‘,X =p )fl P

we are now rcod5 ko Pr"c:ve tlﬂe 'I::Llea'r’am.

LProaf:

£ is R'— S monctenic
= f{del derived above?

[R" = «~f;5%;¢]
e |extemity of R'S

[Rv (~f;S%F); 6,850 = «f, s
€ { Pisfunckional,so [F;~f = 9] ; prop. 7]

[Rv ~P;S*; S f = ~p,5% ¢l
« fpredcak , [S=»8"]7

[R = ~f;5;p] ~ [s%Hs" = s']
= 4del derived above | S": solves-part 3

£ is R-=S - monotonic .

Epilogue
As the above Pn:x:np shows ,once the Pre,l.'mi naries

ate over, the m\c:.gla.lﬁan is raiher E‘lfaisk[:-
-Qs*rward. W‘ncre a l'radi&i{:nn,l Pr‘oa:f) wm..,ld wse
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induckion, we use the .e.xh*emi{-fj of R 0
traditional ProcP would, however, not have to

re.per axFliciH-j to F':" 'bﬂrihﬁ a .Punc!:icn.

ana.”‘j T want &e mgmgch a remark made
b-:] ‘aa.n.p van Oer Woude . Tn the relak onal
r-and-e.r'fhﬁ c‘:{’) .f—D\:i "I:’—"G}-n"-cmal:unic.ﬂ-\jj T seem io
use that -Eunc«Hdh £ is fotal , because newhere
do I add the restrickon that the Rx‘s and pj':i
that atre written down, have +o exist. T thinl
thot an answer o this remark s, that we
d’u.b‘t take the demain c“[’ ?unc:‘h'g‘h -P as owsr
wniverse oF discowrse " but ‘H"ﬁs wtcth% s

nob an answer in the relational slpirft-

Wazlre , The :]uha 1996
PJ.J.H. van Gasteren



