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A very beqtmminq o'r [al:f:t'ce h\’veory
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A very soed ‘o‘ac& ko aktart

JU.' e Andrews

LN
The Sound of Music

For o sar:je. \oar{, mal:%e,ma.l::'c,_c. corsisks o( exF}on’nj
coweepb and of iv“ivtbf:'fqal:inj ond proving the i r
Fr‘oPerl::":‘s . The art op Frovimj \o)a 5 a major rale
in this game . Since the advent of wmodern Comlouf::'nj
5Ciernce, it has L:ecome c‘ear* ELwJ: Avi mary br‘ai’)ci‘?f_'_s
OF ejemen[:arg mal:\wemaf:i'cs, oroap:a can L:c beh&picfounﬁ
rendered In a ca Cufal:«orm} (‘LOT‘W"TGLI: The bemc-ﬁ/:,n
eom]crfse. \greaier ‘orecf.sforz and Lucida‘[.j_.j —without
loss op Coriclst0n — , QN enhanced view on how Eo
ée‘acaraée one 5 Congcerns . and [’rence an Amproved
2covomy of L”quj}’?b‘ unrorlzu,ha[:e‘_(j, most kext books
o Elev;lenf:qr_}j mad’»ema\fricx‘ bosues have nok (Be':)
a.clotahecl. such a Calcu‘a[:iovlal ol:yfe . 50 thal yet
ano{:‘nerjeheratfon of Young Peolole wf” receive
o mak‘ﬂema\b’cal educakion without have exPer{enceal
the JDB and Msefmimcs: OC c:a]cub'ql:.'nj. Mrnd &Lu';. s
o P}&j :

The purpoese op é:Lni: note As ko kransmil soeme of
tlne ﬂavour of Caicu'nkion‘ \We beiecLeo{ a Eor:ic
from oo very \Dqﬂ{nnimj of laktice &:\qeorg and. we
irtend  to Fre.serﬂ: o treabrmenl that can be read avid

th(er:af:ooci_ l:_(j o rea:mna):s}e Mnivera:&g Fre_sg—vmah -

% o
#

F to a\or«'aar irm Ec‘{ucr»t:;m-ml I&bq.b:‘: of Fa-:ramal MCL‘L'CJS
Academic Press  19ab
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Our aniverse of discourse will be sowme (ixed
Qrionykiows sel of f:lm'mﬁs on w|m'c]r7 a binarg r-ela!:r‘mq
< ("at mo;l:“‘) is delimed Thes relakion we
‘oo_shulql-.e to be

o reﬂem’ve, ie. X< X ()

® anb{sﬁmmetr‘fc, le. XYy ~ Yysx = X=y (\?’x,y.).

Rermark  Ih the standard literabure
wWe MsuaH_xj ﬁ‘m{ {‘_iﬂe Rc{a{{f:fona] Fob;:u,!q‘:e tha b < As

bravmsiktive, ie. X$Y ~ YgE = X£EZ (¥, 4, 2)

For Elne.. Elvme ioeu‘hj ELIOlAﬁi/),, we do rob need &L)c
Er’a.nsil:i'w"!‘-j oF < . Tl»-;er-efare, we do rok tmbroduce «f
riow Anrd aperk fromn that, ¢ will  ~as we shall see —

Rviber E"?e game oo boLa.”_g c{t'ﬂ-ﬁaremk way -
Emc‘. O( (Remm‘la,

Ecpualffﬁg O( Etnfnﬁ.s is a very Em‘oor’:ani Cchceioé ko
have . b is as im‘oarlza.nk as Hoe nobionm OF a funckion
Ecpual.bﬁ and functions are ab the heart op makhe -
mﬁ,L‘ic_s‘ anc[ ELLJC_B' are J:)eau{:i"rulb relai:ecl JDH df)e

Qu,‘e or Leibniz

For any Funcl:(on f.
X =y = {x = Cg F
Ewd.

The two loo:—.i:u.[tﬂ:e.s that we have oF Y do not
\”E‘.vaa! Ver_g muclw O-bovuf: ecyuc»ltb_gs on'ﬁ {:qu

F \We clencf:f: Er-um:—r‘un &Y:P[ical:e‘om L_)_Lj avy ,L‘h[:'x dot
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Prool of pong
. We have ko prove
(Ve:: zsx = B€y ) = x4y

OLhO[ we c{o 50 Ioﬂ rﬁx?_u::'hj Lcio a waaitemnamj cqul.m

o( r:r'ec[t'Ca[:e_s that L‘Jeji‘mﬂa wi th the antecedent and
ends in the conse went - Nobice thatl in this chain

we wi” q(ui!;c ‘t!’telﬂ have Eo r‘e-(‘er' ko the o.nl:e's_tjmmckzy

of ¢ because this «s the onl property of <

(:l'ua\L menktions {:lﬂc = - dz_tjmba 3 and we heowe wot B‘:t
used «E (v the Fu"n‘j - qu{: - (T\oa labtber
I‘emmr’)ﬂ. £s a wvery bimr;e exam;cje or Elﬂe k:‘mci o-r

bookkee (ng that bas proven to be very wsehul
Ay Froo dc.‘;ljw») H«erc 3 E‘w(’ chaim

(Vz:: z¢x = 2¢Y)
= { instantiate with zi=x and #zy |
(xsx = xsy) ~ (ysx = ysy)
{reﬂex{w’&_g of <}

XLy A 35?:(

M

=) .{th‘:iﬁﬁ?ﬂm&t‘l}j of < |}
X =y .

Nokice thab the lirmst skep — the instanbtiabion —

is rok bedliant at ol o the Civst line combains

pamboj v and the Ec‘;“"_cjc{: line does rol, 50
éomew]ﬂcrc aionj {:;‘lf way wWe rmusk ehmn’nakc. Y

In CGQL; E‘ﬂe Ol“llj ru]c [rorn the Prec[tca,l:e Qa,Cu[lA.-"

wi th which ome can eliviinate the um'vcrsa!

c;uaml:;{:u'cr- ‘O/, AS (:1-1«: ru'e QC instanktiakiorn . Orrce
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WE are awore of this, f:‘qc 4:.{:?_‘0 is no éu.rlorf::c,
Furthermore. there 45 mnok much we car irstenbtiale

z  with, viz. Just % and y 5  anmd we did both
&n order ko ma"ee the next lime as ai:r'omj as Pa.s:dla‘e)

wl»w{cln (s bene\[}c:'al {C ore has to comskruct a

we.a.lqent'*g clva(‘v-;.
Erd of lt'“ocap OC pong .

T‘ﬂe ru.‘e of Imc{;'rec[; Ec}uainl:_fj 1’7&_5 a c.omrmm'oh,
od_‘ao Ca.”ea{, tLI{_ T‘Zu.le or Lhdireck E?ua‘{kgﬂ It reads

x=y = (Ve xs2 = ysz)
TL?Q d.t'ﬂ‘ﬂer‘ence RS l:L)e bic'e O\C t)ﬂe, £~ 6__ljmlDOI akbk

wlm‘clq x oand Y reside \m/lnici‘y oC [:L:e bwo (s ko be
used de‘ocm{_s on !:Lm Y:ar*&r'cu]ar a.ra?’(c:ah'on

* *
”
So muc\q ror- 5 and -Cor- = £ DUy angverse . \r\/e
viow enter ia[:é::'ca (:Lzeorj 135 }oo_ﬁtula‘ct'mj that <~

QU UNniverse the ecpuai:(om 1 7
P <\7/z:.- pg e = XI12 «s_gsz:')
hab N For‘ ea.ciﬂ X, 4 . al \ema!‘. ore éO\u.I:l'oh .

(The incx‘oern‘cncecl reader ahould nob feeJ dawnked here

v Case our Mriverse £3 jusk the wmiverse of Feal
numbers w{i:") dhe usual < - relabton ) the wmaximum

of x and y may be rﬁc?jhfaeol as a 5090[ candidale
for P )

Fn’l-e. Ffr:;!: l:"!l'nj We olo A /Skow Ek‘m.l: E\oe ea/up;&('oﬂ

lﬂo..s ot mest one bo)u.l:(or-a- _ﬁ'n‘.s L done b_‘d 6Llowfhﬁ
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\m q, For ]9 and. q, éo[uf:aor::.s of E-.\ne e Uakion -
Here, one op the Fules of  Trdirect Ltciuai !:tj Cories
i iﬂanc\_g : 'Cor any Z2 . we lmavc

sz
{ia s Q boiul::o\ﬂ.}

X £ 2 /\9

{C}, is O éO‘!—L[:IOY]}

q,s. zZ
and, \')ence, F Cf, ‘ 50 our ec}uakiom has exacE]5

ohe /im Eion ror eaan X, 4 . Wcrefcra, E\’)ai
éolu&:ion is a furmckbion or x ond Yo WLH'CL; we
propose  to dermoke by xfy (x"wp”y).

In summary , we have the beauwkiju

1]

Hi

(o) x{y <z = xgz ~ ysgz (Mxy,2) .

(In the standard [iterature we QancL 1 under
enkries like éuiag or Jcnm , or lub" )

E&amp\e.s

A well- Rrnown  tnstance of (U) can be found

in  sek theory If we take sek inclusion < as
ar irmstamce cp I -1t is re-ﬂexive arad unéi'sjm—
mekric | — . sel mnion U is tee Cor‘r’e.b\oor"rc‘.fhj 1

Trdeed, we have for all  sebs  x, y, and 2

xUy ¢ 2 = xg2 -~ Yyct
. m.so, if we take set conmbaimment 2 for <,
beb interseckion 4s the carr"e.sloahdinj 1 Tndeed,

xNy=22 = X2& ~ Y22
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. Arother well-known instance 15 in the predicake
calcwlus where we have
[ xvy 2 2] = (x9&] ~fy22z] ., and
(xaye z] = [xee] ~lyed]
o From number theory we know the reflexive,

th:l'sﬂmrnef:r:'c rﬁial:i' oy c{eer-ch ] (&ci\fw'o‘e:,“) .
Now, the least covmmon malé—(r:‘e of x and g
cam oge bhe lgjhi: via

& fem 5)\2 = KJE ~ ylz

ond the greatest common divisor of x and y by
zl(xady) = z[x ~ 2y

Both are imstances of (1) . (How?)

. Bub probably the best-hknown mstance of (0] i

wher we take {or < the Msua.] order bebweer
rumbers . Then T 45 the Cm«nila'ar hax mura -

ol:»erql:or'.. We wi“ reburm ko E:Lu':: laker

End of E-Karn)oles‘

Now let ws r.‘nvesi:iﬂa{e (b) We cam rather
étraglﬂ’:\(’orwm‘db deduce f’rom A thal

. o idemro":eh“:) ie. xtx = x
* T s bﬁmmcfzric, Loe. KT_B = _BTX
" ' s> associakive. 1e. xf(yfz) = (xty)t e

Let ws prove the bjmmeﬁr'ﬂ. We aﬂ:eai ko
Indirect E%ua‘:rkj ;
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xty <2
{ (0}
Xgzg ~ _ljsz
{ A A a_gmmclzrl'c}

fll

i

Yz A x£12
{ (UJ WF’“’J X,\Lj!-‘«_lj,x}
ytx ¢z

n

and !:fve Conc’ub{on ro“owﬁ. From {:Ln':» Pr‘oof we heg
that f Emlﬁem’}m tks 4_5mmel:r3 ‘;rom A Tt—;e sam €
holds for 1'% «idempater—ice and. 15 associativiky,

s &‘nc re:acler m"‘_‘ﬁ \/er"a{g .

Tl‘?? hext ELH'nj we do \«N«b\'l (0) 3 /b{‘-b(.c{ﬂ ok ‘fol"

Aovme fbim["c Lrstankiabions . For Ansktantiakion &=y

we rt‘mal
x1y <y

= {(0)}
Ry =~ ysy

= [ £ s reﬂcxéve}
XSH

TLnub we \')czue derived t‘ne
Rule of Hbzorpf:ion
x1y ¢ y

i

Xs Yy

End .
Next., {rom (@) with =z:= x?_g. we fnd  the

Rule or Expansion

y< x1ty
Cid .
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f:l'ae

usrng Mukual Iﬂe ualr’kﬂ, we  Can c:oml:u‘ne
rules 0C f\b_sorrbiom ard Ex;oam_sr'on inko

() xly =y s =<y (Mey)

/Rtmar"{ Alost a” e:f:c‘.uiaxﬁed treabrents or lathice
t"lﬁo}‘y skart from (1) m[:lﬂouﬁb established . this

is wnot nearlg as nice because hides the
P}eqm‘nﬁ bﬂmmehrﬂ e.xinb[f:cc{ b_g (Dj .
End .

So wmuch for some m‘mp,e instambiabions of (o)

% X
X

Now !:&'w Eime Lms corme Eo prove {:\ﬂc_ lDEoLu.Eipu.,

-H’I'QOI‘“QYY? F

For rellexive amd anbisymmebric £ . and for 1
as def@‘hea{ 13_9 (é}j ,  We bave thal

£ 45 transibive -
Proofl We have to prove that for all X,y, and 7
X&Y ~ yse =) X<£Z
Us:‘nj (1), this we canm rewrite as
xfy=y =~ yle=z = xlz=2

and  we é\’)a” ‘orov& tlm'.s \al:&u— }DH éL:owfnj
Ehe.r'e.\:)j Msir

=

&I—qe ccmsc?u{n[: - xtz =2 —
the ankecedent - KT_5=J ~ 312:3 -

f \We owe fch(a (:Lwem’t?m t20. Ec{éﬂer WV‘%"Lﬁb*qh Tt scems to
be ok ﬂener:‘\‘,“_ﬂ k’.mown to labbice E:\')eoa—x:ab
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x1z
= '[’5"”‘35 yfz =z . frowm  the anf:cedenf:}
x 1 (yte)
= {1 i o..s;oc(czi-a've}
(x1y)fz
= [ simce xTy =y}
yfz

{_f:-('w(e HTE = Z}

»

Z

Ard we are dome . (We ask the reader te nolbice
l:Lraf: Qaclf; (‘Y’IC{;VF.C{ual bkc’o {vy i:L:c a.l:\ove Calcu‘aj:{oh
Lo a‘mua\L. rorEEc{ MFD\’) us . This 4a a very l::jpical

characteristic OF mary  a Ca1Cula\Ln'orJ.)

End of Trool

Now {:\'la!; W/ e Lﬁave ol:ﬂ.a(neo( I:\'u, i:ra.n:tf::'vilzj o( £,
we b"m” feej [Fee bto Mmse e For the c:o»lze op
Comyleéencﬁﬁ we menkion l:lmai: a reﬂexive.; amét’ajmmel:n'c,
and Lramsikive relakion s cormmonl called “a 'occri:mj order
and thal o universe Qc}u,:'rapeal. with @ ‘oar"{:r'q, order
is called "a Park—a’a”j ordered sek’  — q,"PoseE“ for shork —

* A
o

JDeQ‘m'Eion (0) of 1 l:eH:; 5 wL;m x?g [ Q.3
\We riow roay ask vacr} zgx?g  We [eavg ko !:L:e
veader ko ve.r'i'pg thal

(2) Z < ’(T_‘:f & 2EX ~ BSY

ond we m\/csh'cja.!:e. the converse :
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z¢ xly = zsx v 2gy

{predicate caleulus }

H

@sxly = z<x) ~ (ze¢xly = 2cy)
& { s i transilive |
xty s x v xlysy

{ Rule of Absorption, kwice}

i

n

x ~ xsy

Y

—

For this !a.ﬁk [ine Eo be Va.lic( for any K.Y . We
Teq,uire. thal ¢ be = so-Ca“ec{ linear or total order :
[:33 d&pfm'&:'on a tobal order i3 a qu!:{ca,’ order Wf&l’j
bhe ad,dif::owaf Propcr*&_g f:\’m.f., Jrcnr’ a” X, Y4 ,

Xy v _tjs’x

S0, iv combination with (2} we (tnd

(5) for ¢ o Lokal order,

25&?3 = 2g X VvV OELY
F{.L,ré:lﬂermore) we deduce Cr'om () that

(1{) for ¢ « f:oi:a,] order, | as delived {:33 (0)
,ba':'u;fu‘es

xty=x ~ xly =y

(In words: | & a seleckor )

~ ral

61 lf;er’e,_, we Can \oroceeo[ L many an&l‘&n&
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diveckions . Alter a”_, la.f:hce, f:\'veortj is a H&je

ma&bcmaiioa‘ terracrm, with many s and  oubs
\A/?- COHClude ELH'-:.\ iﬂitroc{uchoh j:nj C.onCr-onénnj T
with other funclions )

We consider runck-fcn:s rr‘“om and to our arernymous
Mriverse . For F auch o ru,ncbéon we l—mve,
b:j C’.epa\w;rlr:l'on,

° r is wnowvobonic

P

(Vxyo xgy 2 fixsfy)

» F disktributes over !

=

(Vg 1 (xty) = £x10y)

We can row Cormulate the well- l’i'f‘lowl"l_, yet
beaulz;'fu}, Eheorern

(S) F distributbes over | = £ 4s monstonic

Proof  For any x and y , we observe

]

=Ty,

>
,__T_,L:

r.x T Pg = C".H
{ r c{s';;f:m'bul:e.s over 1}
[ oety) = Dy
&= { Lerbniz's /Rulc}
xty =y
{or}

Xsﬂ ,

i

and Et’?& I"e::u«“: ?CJ”OWQ rr"om t\"l&' outer two lrr‘ie:b

Evmd .
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Sma“ {mteremezzo @n \oroor desejn)

We Wm.t’c( {.;'Lze to draw EL'I—E reader's albtenkiorn o
the fack that the above P‘“OOC — o matter how
/&:CMP’Q ibo{s — d.tapiaﬁﬁ a _erea{: gcoromy o( (:L‘IOLEBL)‘:

Leb us analﬁaa ik tn some del:m"f Givem that r
distributes over 1, we have ko conskruck a ca‘icula’:fan

of the form
fx¢{y . & -+ xsy

'\?Lcj\*ak ot I:xvc outset we can arque thal buclq a CﬂlCLl*’"
lation will reci,m’r"e at least four b'LcP.!a_, viz

. a ffﬂep to inkroduce :s_tjmba] T, s order to

be able to EXP‘of{ the given about { .

. a AEeP in wLﬂc&') ELve jl'vem about f is ac‘:u.a”_g
Maed

. vy é%e]a to a\fminal:e éﬁmbo‘ t ajae'ﬁ, becau;c
(:LR' Eatﬂ""‘ {l'he, Ké'j does w0k vmenbion (b

o a éﬁcp Lo elimimate é:jmboi -C . for wL:’c‘q

Lethniz’e Rule s our cm‘_lj means so lar .

Cur \oroor contbains Prec«‘:e’_nd (these) Lour »::l:e\a.sJ so il
cannot be shorteneol . In ro\ct, b was e\esiﬂnec{ wikh
these fom' considerabions in mind . When we wrote
above “mo makker how m‘mrla ibois this rra y bave
sounded Paraclom‘ta] N bub & fsn't . On &Ln Conf:rar"_g ,
the PMOC derives <bs /b:'mp,n'cbétj from EL»e Cormsciouslj'
considered élﬂalaes or the formu.!oue ard from the
mﬂhltot-{.lﬂl::l'\lt Fossl'[otli[::'es a\/ai[aj::le. Nowrfz.dca\ﬂ;;J
many more \orooCb can be ard are i:)et‘nj de.:-ijnea’-

ra”t':'wihj /i‘)b(Cl’) oo Pl'Ocec[u,r‘e-

End
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A direct c.on.sec;u.ence of (5) corcerns wonotoniciky
Pr'o‘oer&ieb o? T Becaubc 'guﬂcl.‘fo“’] f defz’wec{
b_b' Lx = clx {or whalever ¢ | distributes

— A% t‘ve reader may vcri@,»—- over 1 3 i:t'-leo;-'cm (S)
teH.s wms  that 1 s morotoric «m  iks Secownal a\':jumemf:

Sirce b b bh(jmmebri’c,, we therefore have

(6) 1 is wmoviskonic in both ar"_cjumen£~5

What al::om{ the converse or (5) ? Deoes <tk hold
o5 we”‘? In order ko fino{ Ou'i) we f:s:_tj ko P*‘@VC"

fo(xty) = fx T {y

or the a.ﬁbumph'om that C
by Muf:ua' Inecpmalt‘t_g '

. Cxlfy < 7 (x1y)
= {deriﬂtkion op £, see (0)}
Cx ¢ Llxty) A Ly £ (x1y)
&= {vnondﬁomict'&g O'(\ f, Lwice }
xs xly ~ yexly
{’Rule of Expansion, bwice }

is morotonic. \/Je do &LH.s

i

brue

o [ty s fxt{y

[y}
Coxty) s Ox v Bly)eby
&= -{mono&onicil:_q of (7, \E.wt‘ce}
xfy £x v xXlys oy

.{/Rule of beor‘oi:fdh, l:wi’ce}
H.{x ~ K.S_lj’ 3

m

¥

and the valmlu'l:ﬂ or E&—u'_-. la.:»!: L‘ne rec?u.fre.s £ ko
be total - T"?H.ﬁ, we have d.-er-a'veai, {rn tomb(nation

Wt&"? ()
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(-}) -ror < o f:o!:a.‘ Drdeﬂ

F {s wnonotonic = fdu‘;l:ﬂl:ul:e.s over |

- ]
»

In lakkice E\‘iemr-ﬂ, one alwa_ﬁa introduces a CamPamoh
to f 5 b ois b ("down") . ( In the standard literakture
we Find | wunder enmbries (ke "inF“, or “nect’, or

"9“’“. ) IE SHeCes i—.L;e [leiE via

(8) zexly = zgx A~ Z<Yy (Mr,y, 2},
e in a way very xf;!mi!ar" to (0) . Tt 1’Ia.> very
simdar mdual-—- Proper&ie_s ko 1. In fac&, it has

the same Pr-a’oer—l:iea { e f.bt‘\mpl_g C[ir) $ dnmbo 2,
and 1 inke | : Jus{ cormpare (0) and (¢) .
\A/iEL; this 5_ljmbo| clﬂhamfc.s M mind EL-ze Comr;am'on

properties for | come for free. We wenkion

. } is ddempotent, symmekbric, and associab ve
P Yy < xly = yg<x . Absorption

. xly <y , Contrackion (= the

c{‘u.a.l of Expan.:ion_)

L] , xlg = 5 = _95)(
. xlys z & x5z v ysz
o 1 £S5 moewrotonic in i:ol'lﬂ arj%mchbﬁ

® ebcebero |

of Cowrse, we can now also l‘nvebb(qa&}:e g-‘or'mulae

Coh}:al'n{'hj bol:‘q 1 and. l \We me:JEior?
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x} xty)= x . x! (xlyg) = x, and

xty=y = xly=x

ﬂva ‘araup:a ore [cf& a5 RXRTCIdES . \’\/e will viot Fu.r-&lne,r-

El'le:;c: &‘,HV-&J‘EE\S aktons How

In case we take for < the u..sual order bebween

rea1 humbenb, J is EL)C (am;’iar i P U OPernEor&

e X
*
Let ws, to conclude Ehis a):orj:;, consider the real
hum}:)er;s wi'!:L) ’c\ﬂe Méual oa'c{er" g . Tl-[:'; (s a EoEa}

order The Lore c:(nj l;‘H.—la E\')em*j row 5ranl::> s
q,ue'ée a humla-er oC M:n:fu.’ ari&‘ﬂmakim} 're.bu“rj

In order to 'FI:Y}C{. oul WLﬁeL} quf o«F E\'le (X,5)~Ffane
Aa!:i.s-ﬁe¢ KTB < X+4y wWe '.St'mr-"ﬂ Calculaie.‘

xly ¢ x4y
,{defl'ﬂfir{on op Tl

XgX+y ~~ Y x+y
{ arithmetic }

04y -~ 0¢X

M

i

So the answer 45 the [irst quach'ahb -
(f\sk ore of your c‘.o“eajueb or o&budents to éo‘ve
ths {ittle Pr-a’::l&m, and observe bow he does (b

This could be a very tmskruckive expeﬁmehb.)

. Since ﬁmc!:ion F . de.C(‘neaL ,log (\-X = C+Xx,

I8 memnekenic, we ih-ﬂ:r‘ 3Cr"om (‘?)"

addition distributes over &%e maxirmunm |
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- Litzewfae,

mm‘éér;lical:l'on w:l:L) o monhcjalzivc hu,ml::er"

Ciibl:rn'jouf:c,s over L‘qe FoX v U

s And also Zx?g = lKTQH
and (8TB)QE x¥f y? ( for x,g?0,0_)
and 7| (x1y) = (&lx) 1 (ely)

o Ard vow the reader ehould prove —with a

m:nima, amoun‘: cf case Qrza.‘5.:,1'_‘,.,,.

lyle xey & 0¢ xey

, flpef"lﬂa.toad we can also learn Eo Lmna{ie abseolute
VG\,!MC.‘.; fnore re,t'a;:)jj s -lnecau..ﬁe we l’m\/é’
ix) = xT-x Tr‘_lj to wse if to prove the

Erl'anjw‘m' in&cpua]i L-g

| x+y| < [x] + |yl

o Etcelera -

This r‘ea.”g wos the l:e_génm'nj of latbice &:\f;eorg
Was ik dlrﬁ'cg’&? We l’mr:c that wmost of our readers
will say ¢ ho! : \We belu’eve L*Lm’; e!cmehl:my labtbice
l:l'aeorj — WIﬂicL 303: .l:)eﬁono[ this nole — cam and
should be I:o,u_gkl: to reasomable {reshmen or, n any
case, Lo sophowores, of cormpuking science ard
mai:lncmal:s‘c.ﬁ alx"l?e,. Manﬂ or our Co”ea wes, WOr"d wfo[t!a
25P2cio.”ﬂ Comlou.j:u'nj Acience cv”cajue_::, wi” ésl’:ucuer ak
the tlﬂou_g‘nhl because lattice EI—-;eo;f_g S ‘rejarc_‘lec[ far
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too abstracl ko be u.sepu] or ko be teachable to
the average student And abstract stands for
{rs lviena'mﬁ . doesn't (t ? We r‘ealiej usk c{:':sajrce
w(E{ cbuc}*) a Pon‘mf: of view', because —as we Etried to
/bL)ovJ-w- the garne ) comr’eke[s amrder cormkrol bﬂ i:ch
Mse of a modest rcFer’Eoire of /bt'm‘c:]‘e Ca[cu'ake‘ona]
rules . TL s f:i'n'- \meacafu.[ C.alcuja.l:ional b(:\_(jje WLIECL
does awa with the fear for obstract things. And ai.so,
b (s the Perac:e\ru.l Ca[cula(ﬂonal étgle w}m‘ch lets the
subject matber sink 4n much vmore Profoundjj than
WOL(,‘G{ have been the case otherwise . ¥ bk{” on doubt,
r{:memlae.r Newton and Le(bmi?z: tL""{b’ took away the
de%io dimjn'cu“:ie_s aEEena‘.?nj the wobions o[ [¢vmi ks

ard derivakives B_g P‘""F"b"""j o éjmizu‘f“bm to
denmote t")em and a ack o-r far"mulae rewr ke ru‘c.s ko

manf’lﬂu‘a{'e ah(?l R ma,ﬂ:er‘" [:L)em : Bj row l:\’){__‘;q
rotiens are htqlaw«sc&;oo] l:oim'c:; :

WHJ Feijen

g AJM van Gasleren,
26 Octlober 1965,
Olecksel



