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How ko bound in ’Br“ahclv arnda Bound

nf)ranc‘ﬂ and Eounc{“, i toar@:l'c.u]mr" "Eound“, refer;
te a bechrnigue Eto remove some of the ineg\fcfcncg
that a‘mo:.a!: ("1’1'8\/!['4}3!3 altends mmest ? Bacl'zlzrac}?l‘ﬁj
/\fjor(élﬂms"' Refore dea‘inj with that {:ec.lvnc'cyu{.’,
leb  ms Qr_st QP'EHCI. & Few words oV bnckbrack:’nj

Bac“lb‘ackfnj Algorithms M,buaH”l_-j enter the
P;c!;u.re d \mﬁc Q‘ﬁb.ﬁ of (:Lu’njs has to be expforec{
o order to A’&Enﬁe'p Qo bu._‘:)::iasas wi’:\q cerbain PrcPer'!::'e,S.
T P{Qal examples of such huje classes are
a_ﬂ subsels oF & jiven ceb, all toer-mqlahon.s of
o ﬂumlﬂer“ of obiecks, a“ qu{:fi:;'onﬁ or & hql-ura}
hqlwlﬂfi",, 0-“ Waﬂi
eEc... I( CerEou'i’J meml‘.’:%r:ﬁ 0? fbuc\? a C‘m.‘a—& \’zavc

to be idemi:;rfec{, il ois a bare Procedur*e ke jenewcl::
(ko “visit”) all of its members and check , Tor

eacL OF the m&av;c{mlfg. w\qel:Lae:' A has the desired
Pro‘aerlzieb, T":e Proceclur'e s ‘bo\(\e lau.é éb Eime

Y b\'wroutj)n a __gr'a"ia\ﬂ, a” cha.sﬂame.s,

comr‘cx(}:g may Grow _ﬂ‘j“"’t"c"‘ll‘j , and {n any

Cases l:\qere A5 10 Cure .

.B_tj Wa of examr_.le let wms .l'\"i\!f.sl:llﬁﬁkf the sel

V or all bitstrings or lenjl:lﬁ N, a“‘v.‘vc{ let us
ASSUrI€ that Eac‘ﬁ ;"E-a[:‘ra‘nﬁ X --01( wl'm!:e\zer' len_gf:)‘:'-—
lhas a cosk ©.x associaked with it . The Frol:lcm
we con:»{c{er L5 to c.omlom[:e E\vc mim’m«., cosd oC

1 bib&m’*}j in VY, i-e. tlna Va}uc or
(hxe xe V C-X> .

A E‘:’P“Q"') way or ‘;ac!ralfnj this lorolo)em A3
to (nitroduce o «Fu.ncl:{'ah F on the oek prefv
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of a“ bf&-abrfriq.s of L-EnjL-LJ < N, as Follows :

r,u = <1,>(: u+#xeV: C.(,u-*x)> . ue]orc(v.

=

(Sjml:)o’ H deﬂobm Qa‘:enal:ioh-ﬂ)
Then the desired answer 4 the value ol

{1

(Sﬁmbu) l-] dernokes (:L;e emlaizﬁ a!:n‘nj )

*ﬂﬂc Fecuirsive scheme jovcrm"r?ﬁ the C.omPL&l:‘q!:fC‘h
of f {5 - Froor ornitbed —
e rcr‘ #u = N - f.u = U0
o for Fu <N, fiw = [wio])] F(ueDl)

(#u_ stands  for the lenjk\q of U, and [_bj s
the ct‘nj’el:on list containing element b )

For* dﬂc acl:ua’ Compul:::.(:fon O-F f we inl—.roc[uce
a function F(utli.:af:_): intl w”:l’) éFcc{ﬂcaLioh

Pre condibion ¢ Uue Pr'efv

Po:»i:c.owclr kion T flu

The code for a program may now read

{l&__@ F (u: {i_st) ¢ odnmt
{pre: wue P""—W}
{pos&l = ru.}

i:f Fu = N = F:z c.u
D #L{( N — ~:= F(L{ﬂ-[(}])i F(L!«H-[IJ)
[
cruf : 'or“!‘val.'( = (1) )

w——————
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As can e een -rrom ‘:11('.3 Frciﬂr'am Lext, {:"72
recursiom does rok come ko an end belore #u=N,

ie. before a bil é":!"l'r'?j of Ll !-cnjL-L; {> jﬁnequcaf
I foct, the vlor-ojr‘ﬁm wi” 3{n€r&£c all  of the iN

elcmen[zﬁ or axacuﬁ once, ancl comlau,f:f_ (:}ﬂe cost
Fm— Qac% op &an. Ard *.'F ?uhc[-foﬂ C 4 o(‘
o w‘m'm.sfcal Hal:ul’”{’, t:\-nrc ‘s nol:Lu'nj we Can do

ko imPrave o the \arc:jram's eﬂ:{cfchcﬂ

x X
*
Howgver, & mary Eracf:(cal Circurnstances cost
W r'rn.sz’cc\’ at a” : A Verﬁ

func.(:ioh C £ Hoé
FI'"QC;/MEHI: f::”:uqln‘on £ that we ‘nqve
(0) c.u 0§ C.(uwx) ,

a case thal we a‘—m” row Fudﬁl’)tf’ invcalzij ale .
The Erac{.il"foﬂaj orJeral:ional Jm:ﬂan exFIo[b (0) E_g
the r‘E‘mar}i that “there (5 no need to exkend

ébn‘nj L o cu > at least as l:uj as any
bits E'n‘nj o{vr le ng E)»-p N EI—ML tlﬂe program has  vist Lecl
thus pm’ " We wf” ?t‘ rst i”us!:ra ke Iﬂow

or &eten
ko e:f\{aloii (OJ {n a mono‘oef“al:iona] manper and t"ﬂtr)

refaEq b ko &Lre above aFer‘aE:onq, ﬁhfzcrkorel-af:ron

We k9«#76&"::‘,\!'26 ;-mnchon -ﬁ ko a gucncbl'on g
defhnea( lo_tj

g.-ru = r“]l fiu (re [nt, ueFrcF\/).

Here, araymekec T 43 Ca“eal "l:\ve lbouncl", I kerms

of g . the desired answer = which was §.1]1 —

A
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g. ] for any r: {1 sr .

The Brea& ade.nlzciﬂe of q over s that wnow

WEe Ccan émmcl:fme.ﬁ comPMf:c. &:lwe va'ue Or _9:\".14_
withoul r*morl:mj ke a ‘laborious Ca.icu&lq,l.—:‘an of
rd-!, vit, we Can com)au&e g-riu at a l:am‘:ﬁm'n
WL)enever" !’l Cu =T , in w‘m’clv Case

g-ru« =T, Let wus 4’hvc5Ei3aEe. this condibion :

rifw=r
{d&pfn:’fr'ion OC 1,}

rg {u
.{ CIE'F:’NIL‘I'OV) Or C }

rg (bx: uxxe Y c (unx))
{C{E—rihi‘:t'oh fﬂf l }

(Wx: uwxeV: T<c (unx) )

#

hi

!

& 1 (0}
(Vx: uwrxeV: rgcu )
<—~" Pr'ec‘IH:qu. cqlcu.lu;}
rgc.u

As a resulbk we ﬁrwl

] COr" y&o.u o, B.r.u = I
For the rerhaf'm'nj case , Wiz Cu<Ti . we resort

to the recurstive .Sc.‘?:emc for £

. for cu<cr ~ #u= N,
LU

= {dcﬁl‘hf‘:r‘on Df 5’}
Y‘l f,u

= { Fu = N“ scherme for f}

Y'L C,u
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[cucx< v}
c.u

H

for cu<r and Bu<N,

g-ru
= -fdef;’nf&a'on of 3}
rifu
{#u<N}{5cL}eme for (:}
Pl (fwwio) | fxDd) )
{1 4 asseciakbive } »
(v} fuxt01)) ) flawli))
{c{cri‘ni[ﬂ'on OF g }
B»F.(L{-h'[u_]) } .f.(u-h[l_])
&de(:l‘nil:{on of q j-
g. (gor(u=lol))- (uw10]) N

#

i

H

¥

or - QC‘M(V@'QﬂHg -
with a= g1 (U +[01)

and. £ = 3.6.(14#["1)
g.r.u = £ .

I summary , the recursive bcl—»eme joverm{rij the

Qomr—»ui:af::’om of g L3
¢ Cor rsou
v for" cou<r o~ fus N,

3
3

. for cou<T o~ HUN, _%.r.
s

U =
where g.s. (u w{1])
ahct -a_g.)".(u-h[oj) ,
read

The Ccr-re.staonal{hj program Eext may



WFELty - 5

ganc G (r‘: ink, w: 5!;;-{‘.-5) . vk
{‘orc: Ue Pref\/}
{Faat-‘ G:j.r‘.u}

I:_(_-_ r< cu — Gei=r
I cucr ~ #u=N - G:zc.u
I cu<tT A #u<N =

]E..S,“é:inf;,:

6:= G(r, u | 0])
s br= G(s, u+11)
3 Gzt

i
4

cnuf
;5 for some T such thal f[_]g r o, F,—,'Ha ( G(r.,L1)) "

»

Next, we extend the prrogram %0 as ko Prooluce
o wikhess of @ cbeqpcst [-p{bf:r't'hj n V  oas we} :
Not on‘g 45 su.cL; an exkernsion o C}u(kc Pmcl:fcq‘ ene,
but ql.-:.o wi” b create a bekter omoor&umil:_g ko ciscuss
the alorementioned OFeran‘:i'onalislr's view of "bouma{fnﬁ".

It’l order to CO\‘Y‘IFMLC a witness we inkroduce a
Varial;:’e .4 oc *i‘ij aErt'nj , and AErenj&\nen i:)ve
Pobtc:onch'&fon op G with thre covu'umé

zeV ~ 2= G

Because O(n[]) as &b occurs in the tmain call,
f:\qe desired mfm'ma{ va'ue, E\")C él:n‘nj 7 &Ea‘z%inﬁ
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this ado\.fzs'ona| Po::!:mmalil:iom {s an ar_»rar*o‘:rr:'al:c

witress irndeed .

Now we inva:l:( ale mnder WLIR‘: conch‘ﬁfon,a E;‘oc
three alternatives of  function G establish this wnew
Pob&conale'l:;'on

F T C.LL - G:::r' !

o . e o — e - -

(EGVA C.Z =G) (G;:T")
{5ubskn’&ul~ion}
'Z-Gv ~ C.B =T .

i

ard becausa tlm'._a daes nok Fo”ow Fr-om t"m \gﬂ—mr‘ol
rg¢cu nor from G's Preconol{l:ioh Uue Pre\c\/,
we decide Ehat

Q‘) 'Z“G-V ~ Cc.2=T be a ‘oreuono{;lﬁon 0‘(\ G

as well -

(z2eV ~ cz=G)(Gi=ouw)
= {5&»’3555 Euéa’on}
- 2eV A cE=cu
& {Len'iom'z:}
ze\V ~ z=u

Because uepre(v —{tom pre of G - and
because fu=N —{rom Ehe juard ~  we conclude
that ue V' oo that the above caleulated precondibion
eV ~ z2u o Gizcw s readily eskablished by
pre G‘xl‘nj Ges cow with statement P= U
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For the block in the third alblernakive we needl

o Cw*lslﬁer acb'u:}:menl:; of G, oas may waQW’
?rom !:ch onviockakion Blven Ee‘ow‘ 4[&9\53 ol:»servc
Ehat the Prcqaseréicn of eacL7 ca” of QG exackl_tj
VYIG[‘-‘C"?C_‘: the r“eq,u.irto{ adclil:wna’ FreconollL"‘Oh * )

of G
{ z2e V' A C2 =T ?rom Pr‘emnal{[:fon ) }

5= G.)"‘.(L{ﬁ[bj)
3 {E@v ~ CE =5 L, from added r:u.sl:c:ona‘iﬁl'on

o G}
£ = G'é:'<u"ir[*,])
s dzeVoa ca=t }
G!'--l:

{2eV - cz=G, as r*eagmrea{} :

Thus, our ,_—Ch»mi [program which comr;q!:c..s a wikneas

as well, bas become

;unc. G(t‘: dnt, w: 6{71'1'\")*5‘) tAnt

-gpre: u.er:ref\/ ~ zeV oA ng,—]_
{Fo“"&" G’S'r““ A zeV A cz= G }

£ recu — Ge=r
I cucr A fu=N - z2:zus Gescu
l cu<r ~ fu<N =

5,61 tnt;

sia G (r, wwiol)

by G(.‘:, uﬂ[l,]_)

-

s Gist
1

'_..,.._'—l-'i
M ‘for- sovmie T, ¥ bH.C‘ﬂ l:.‘ml: "E.EV, c2=r1, and (:Us’rq,

print (G (r11)) s priy () V.
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*

Here we have reached a oint where we can
can c.om‘olﬂ with the oFernlzicnaE>¥3 Femark that
indeed "él:n'nj W As rot extended if cu 4s al

least as 1353 as any b:f:stﬁmj of tfnﬁ“’l N thak the
program bas seen thus j,’\atr'"- From the first alker-
rakive we conclude thak the recursion comes ko an

2nd wl‘)enever rsd.u, and -gr-am !:he Frecoﬁclr Lion

2¢ V A C2=2r we see tha t the program bas "seer’

o b[&sf:m‘nj z oC Lenﬂf:\q N, wffl-) c.r £C.L . And

from the \oo.sl:concle' ton oc G we see E\val: z s E%e
best, the c‘aeaPu{, bi{.swl:n‘ylg that the program bas Been -

\r\/e very Y\’Wﬁc\’? d&a“ke 6Mc\'1 arn © er“o.l:iona.& \oar‘ance,
eb\aec:’ang if we conkront it with whal is the
ma&kemqéicai Crux or Eounaﬂ'ng, viz. the transition

From ‘Fumcf:ion

(lu
Lo ;MYICE"I‘GH
rl {u

Term't Elars beau#ifu“ﬂ ét'mp,e? \We learred l:Lu';
From Anne i’(ﬂ‘clewt}j . wheo learned 4k From

Rob Hoggerwaorol. \We are Smkmcui ko h\wem, because
this is how one bounds in “Branch and Bound "

WHJ F_eﬂ'en
(2 Oclkober 1995
.Sf:erlt:sc:)



