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—T‘:H: ’_Binar:q _Sear“c"; revisiked

The Efnarﬁ _SearcLa is a J::eauf:{fu}, simio]e,
e.ffic:'ent, and —hence ~ WE”—L’ll’JOWI’? little abor(f:hm
for éearchnB. Most C-Orhtcu{l:(raj scienbists and
Frosramm«er.;: wi” be ramnlu'ar” wil\ﬂ ik un-rorkuna‘:e)g;
there are Ewo abservations that cast some doubt
on the level o( Camiliczri[y- First, many programimers
4,!;{“ have a rela&waig bard Eime w‘r”:a'm_ﬂ down correct
program code Yor it, in éFaEe of Ehe Loct thal (b &5 an
a‘jbf“fl:%m OFJqu a ?ew [[res Second, rrmost
prograwnmers helieve that the aijor(f:L:m Ohl_g works
For‘ éeqr'c,lq[nj «a sorked arrays , WIﬂ'zc.L; revea,_s Q@

misunderskanding (A l@ﬂj tivme ago, we our_ﬁe‘va
boo, msed ko .ésj the l:al'nar_uj search bo our sbudents,

105 (irst drawinj anr ama]o_gg wikh bearCLyl'hj (or a
word in a du'cl:ionarﬂ- This we have rcccﬁm'aecl as
o maﬂor’ @.ciu.ca['luna[ J:)’uﬂder») Tt'it purpose of this
rioke 45 Lo remeclj Hre situation .

% %
2

Qur bEarEfvﬂj Foinl: L5 t\fml: we arle 3:’\/25’1 a ?ur'sc-l:{on
or an array F[a-».b_] , a<b, or elepents Or ALGVTE
find, «buc‘q thal the Ewo outer elerments [a and £k
are (1 soyme r'elaf:ion £ bo eacl’; ol:\ncr_, a Facl: E\-ml:
we denole J:)_g a £ b . TL;e probsem Ls ko ﬂ*"cl
o \Oair‘ op nei_gkvs.aour(m_q elerments o{j ? thalt are 4n
the relalion 2 . ( Of course, such a Y:'m'r meed
ol exist 5 we wi” address th'.:s ‘arojnlem [ater o . )
Meore Preci:eig, W wish bo comstruck a program

Wi Elﬂ Pwkwn di bionr

f ko appear ¢ Educaki()nai Tasues e'{T F;wmal Mei:lnacl:;
Recadewie /\-7’—655 l‘i"fé
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/R: as X o~ ><<LD e )(Z(;qu)

on &\—:e Fremt‘.ﬁe t‘*ml: {:\oe preco*ﬂc:l{!:fow x,‘m\oJ;e5

a<hb -~ a Zb
Tt’)c Procac\urﬂ: 1:07-- Construcl:imj ¢ucL; o PrOjram At

q,u:'[:c standard . 1h view c-r f:l"lc 6L7aloe.s of t‘ve
lore- and the Postcondilzion we l:xj_.; ko n:;f:auisl-; R

by means of a repetibion with invariants T0  and
given by

/IJ{}'. agx ~ X<u -~ __gsl:;

fP]: > ZB .

and wiklﬂ LJCWLF!C{ ﬁa&ﬂc(:[on y-x . Our program t\')u.s
361:.5 the form

{Q<J:J -~ a Z.‘:_}

X,y = a,b
{fnv “Po /\?‘f}{bf’?v‘ _l.)wx}

3 do Yy # X+t - shrink Yy -x under

01(7 o ~ ?1

Anvariance

od
R}

And indeed, 133 construckior, To ~Th ~ y=xt1 2 K.

For the b\’)r{mk(ﬁﬁ of Y-x in the lsodg 0? the

reFeE}l::'om we invesl:n'ja!:e o Arcrease or x arnd

a decrease op Yy . (\z\/e do 60 since our Prol:lem
is }ﬂij}f;lg ajmmelzr«n‘c m x oand Y ) On the
abbumpt’;:‘on that ><<L7 . For sorne b A:a'” ke be
c{ef:ermimea[, absijnmenﬁ x::\v increases X We

row find out wnder whab circumstances this
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o.ﬁﬁijmmené maintains T and Ty As {or the

. . s,
Arivariarice of To ., e observe

/FG (X!:Lr)
{defmif:iom of’ fPo}
ash ~ LKH -~ _\551:)
[ To oand x<h are Preconclf&-s‘oh.a ko xtzh .
hence a<h ~ ye¢b }
h<y

H

I

S0 we reqjuire L ko ::a!:i;;-f_l.; rok just x<h but
also h<y , ard hence

X<!’7 -~ L7<B

Note For!:unal:eb, such am b exists because frowm
o and the BMGPO{ _13% x+1  of t]f:e repek(i:ion W
conclude Ehat X+4 5 Y

End of Note .

Havfmj be[:‘:{ed. t\ne invarnance of “Po under x!:lv N
we now turrm our attenbion to T Ve abse rve

T (x==l’r)
{dennikiom of ?I}

i

h Zy
Since tx—n':- 1ai—.£er- condibiorm does ol tn jenerql ?o”ow
Fr-om v oor T0 . we P‘“_S (b dm as a ___gbtar'o[.
to x::L,

We mexl address a decrease of 4y DBecause
we olready bhave an b such thal h<y ., we
propose __3‘-:"7 - By the Prolo’cm’s f_‘ymmcfrrﬁ

tn x amd Yy . our program  row becomes
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{Q(.JD ~ QZLD}
x,yi= a, b
{4‘nv “TPo A/iji}{brmf. _lj-"x}
s do Yy # k1 o
{x+2$_9}
“h such that ><<11 -~ LM_B "
s ifh B2y - xi=h
ﬂ ® Z!’l — _9::")
od Iy
(R}
/Prog()

Remains thre c?ue:;kion of berrminakion of this prograrm

Tt does terminmake Lf We ¢arl ensure that ab least ore

of the quards of the [~ staterment evaluatbes to  brue .
This wiﬁ' in jeneml mol be the case, bub it is i

relation 2 ba{:iﬁf;€5
(0) XZH = lﬂZﬂ v x Zh (g, kY

(T\ﬂe anktecedent s the valiaL pr‘econc{alz:or& Vi,
the conseguent is the dLsJuncl:fon of  the _9uar~al.>-)

\Jl—nle Qdor?':ih_g this comdition on £ . we can aven
grnsure very fa,sl- bermination 303 cLloo:u'hj b

Qq(uc\') ko X +y) div 2 W‘m'c:['—; thanks to \arecoho{.‘!:r'om
x+2 5y indeed establishes x<h -~ \n<_g

And thus, binarg search (s born.l

”* €
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P\sic{e Meanw\’;f[e we \ﬂa.w: Prcven QA —adma'tked15
hot koo dee‘om— mah\ﬂemah'cat (:‘ne,cr-em, iz thal

or) the a.ssumxal:ioms

CL<J9 -~ a Z ) (ch pro‘sramg Precmr’tc{x'&{om)

and

Z sakisfes (0)
there exisks an  x such  that

agx ~ x<b ~ x Z(xt+) ( the program s \oashcomcl;f::'on).

Tt is a discrete ana'o:]ue or tsqe wa”-’ahown mear

value theorem (or combinuous furnckions on =« closed

'Cnf:erva’ :

End of Aside.

Our' Pro'sr"oum c.ompml:e.s an X batls{g;‘mj tao.sfze:orrn
dition /i-? . O(‘ Course, EL‘AEF‘( may lge yrany x s
ba&i;fg ing T And here we arrive at whal we h"n’m”(

s a dl',sLihjuisLléhmg fealure or *:L:c. l:inary aearcl’n
\rmmelj thad

kols JDP._(jmnol our chl:r-o'
WI’licL) X 6&(.-:':4::5{?1_3 l:L/e
Fo.ﬁkcondiﬁior) will be
ljeherq(:ed :

(T‘m’.s {3 In é\qa.r‘o cormtrast to limear AearcL':cs w‘ﬂere Q

fu”ﬂ éPec{‘ﬂEc{ \mfue s COMPH[:PG{A_)

T order to substantiake this [eabure we consider
the trnstanbiakion a, b= 0,100 and Z = brue |
rmeeking Trogt s )oraconcla'(:ion and  (0) . e
thev, obkain
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X,Yt= o, 1Wo
do Y4 x+1 = o= (xryldiv?2
3 iF true - x:=h
| Erue — 33:-%

"r‘
{
L

v
«

od

fosx A~ x< 100 }

wLu'cL? s a L,BH_% rmondeterminiskic program . And

&1')\? reader may ci';ecla,, i whalever way be ie"lqe.s,
that. itndeed, it canm 3eneral—.c any va'ua x .bu.cL)

that 04X ~ xX<ID0 -
\We WJ” reburin ko &‘m':b cl:'b[::'mjm’:;kt'v_;j feal:u.re. at a
later é{:"iﬂe

»”

Mea.meziIe ., foyre reaaler_s may L;a.ve J:Jeem puaz‘.leo[
1:3_9 the "weird " condition (o) . Bubk it &5 mobt weird
at all : WL’MH f:a.”afhj f:l’lc Cc:hEra.too.:e‘Uve or (0) s

we get
(0') X (‘!2) lﬂ -~ Ll ("1 Z)_B = X &2)5 R

and !:3’1:'::\_']14,55 ex]oresﬁe's {:\fm.é £ Complemenﬁ relakn'on

2 Z is bramsibive

£ (for

Here are sorme 0( émc_L; re,lal:{oms

array f of the aFFroprr'aEe E}jpe) i

X Zg = . f.x#f._g

fx<fy

. an.{/"\ -~ f-'\S'C}j
° [.x « fn_y L0

. Fx vf?_g
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, 1 Qx A @'_9 3 'Cor any Y

'ij’)e reader can ea.s{_‘g verl’& {:\qa& t\q.gj a” bal:i:,f:g
@)  (or (03 .

H:’mt Tt’?c ﬁmk examF[E - -Cx %f._g - 45 a very
alo{gr‘or)m'al:e. C.l’loice WLIE’V‘T viovices a@re Lo .lse L'n[:roc{ucec{

o Hne bivmry {-,earcL-
E_“r_'l__o_{._ o-C Himk .

* *%
M

Ttﬂe (o.:)t Qxa\mia[e Lv L‘ne Ovl?:o\fﬁ \!‘bjt - -\®.x "‘Q'ﬂ —

s @ Frctvucﬂk‘ﬂ oecurmng one, and we soall now
Cleal {n Vvriore dckaa‘[ w{‘:!ﬂ ks ‘orobmb,ﬂ best - LQHOW?"‘I
instance, Vit Q.0 = C< e, That s, given

, dnkeger array (fa-b] with a<b

Lhkle‘scr’ comnstanmt C éa(:a',sFﬁi'Qg
r.o‘s C A C<. F.E '

our b(’narjj éearcSﬂ J:)Ecomes — fage T’EMQFL‘ l:e[ovu-—-——

{a<b}{ Lag(C -~ C< (bl

X, Y r= a,,b
{t‘hv TPo: agx ~ x<Y -*\_9.-;}3
Pri Px<C ~ C<{y }{bnd y-x}

: do Y #F x+l —

b= (x+y)div i {agx<h<ys b]
3 I;CI’«]'JSC“) X!:b

D C(C}’l—“’jszl"}
b

od

——

{G.SX’ -~ x<£}{ {‘hxg(j ~ C« C(xw)}

Prog 1
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’Ktmar)g {‘\Ckuﬂlb; WE arr;'vec{ at him: aJoove. Pl‘t)jf“am
viok 5_5 irnstambiatin ouUr ort‘j(na! program scherme

’Proﬁ(J, but b_g J“*£ re-der-fvin_j b for the current
relation szc ~ c<f—j . That derivakion #s 50
/bt‘mlalﬁ thab b cam be dome bj beart: 3q£’c{eci by the
trvarianks T0 and Pt the program Can be writtenr

C{.UWY’ Ql; once

__E_‘f)_d OC @emarla

Note that bhe torecomal.tf:fon of '?rq_gl) (end frence
of ?r'ggl ) s the g_g_!g property of [ amsed tn the
derivation . Thus il should be c[ea.r:, we L“»oped that
thre jD('i’JGlr‘_lj beqrcL» bas  a ris\ﬂl: ol existence oubside the

realm GC ».bor";eci arrmjj ' —n’mre ave, L:awever, o Few
little theorems t-.\rm[ do lmlq the q‘jori%m wil:l-;
"sortedness”  of array £ W present them as exercises
Lo E\we reader, bul et wii:i“’ouL }oo{ﬂ&imj oulk that &“aeﬁ
admit ice mCa[CbL’a.Liona]w F’""OUQ :

Ex erciaesd

(o) If ’Pr"qgf P Prec.onol:‘l:u'ow A2 ¢kr“enjé\neneat with
U—;c assertior {:L'ml*. 'C[ij s Mcenc‘.(hj
then there 45 on]5 orme X balzib@jinﬂq the

ij*:cowcln{:a'oh .
(b) I‘C (:lner-e s DH,_tj orie X bﬁfl:!‘&{‘ijl‘hj E‘nc r;o:.-{-.con»

dibion. thev we have for thal x
<\7[t:: ageg X g C> ~ <\7{c'=x+!5t.':<l3¢ C(pt>

(TLvE:; expresses & kivd of ‘sortediness” of 1w
that "Lo the 1e-rt“ of X a” e‘e»menks or { are

ak st . and "to the rm}'\f:h of x all elements
exceedd C . )

Enod of Exerc{sa )
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\/\/lﬂ_zj (s }er{: the B(‘har:_g 6@@%“0) and in
qul:;'cu,jar- /);rggl B ‘fm:a beern oo Eigsﬁhl_g cau‘a‘ea{ wiELv
sorbedress of array f ? Ttﬂe reaser?’, we bcliave,
i that for an a.sc:ef—fc‘.{rj_g array r e Fo:-E -
Qowa\{ Lionr 0sX A ><<§: -~ st C -~ C< f—(x“) 01(’
"Pr'o_ﬁt ‘s Ao ex{:remelﬁ Lz-ella'ru;l ' reaorc{fﬂj E"?ﬁe
presence  or absence op va.luw, C vy array ﬂc« J:)J :

0 Fx = C  the answer s yes, since
agx o~ x<l3 - 10 a.ﬁcemc{,frljne,.s.& or £ is

meeded —
L Ox #C we have <0 & O« Coxrd,

ard row ascendirigmess of [ {m\ol;e; that 9“

Q}E&fhenb op -(\ d«'ffw rrom C

In sdurmmary, For a‘::cenolu'mj array -r . ﬂ"gjf
Po::&fixecl wil:ln EL)e éf%}e absijnmen£

Fre_semf: r > (r;( = C\)

records tere presence oF C fla- b1,
Prov:'o[ed R L Il b(::'” Prov:'a[eol array { and
corstant C  sabisfy thal rather ad-hoc
Pr€conclitioﬂ

() a<h A CasC ~ C<{b

% X
»

We bave derived (?ro_g?) (ahd. 'T‘jrgjt) wnder

a PrecDrac'{rl:{om — ad:: -~ ZJD -_ Ih trany
racl:ico.\ éi[:uai;rgmg,) however, i:&'n'.b cordibion need
rol be sakisfied . There are bkwe jenar&} wWoys
out (lel'cLu, uh{\or&una[:e.[_g, don alwa\g.& Wo(";l._)

We é!’m” {”u.sl:ral:e thern for the above exa,mF}e op
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1"ec.or~ci.fnw3 i:\ve presence GC va.‘ue, C i oan
arl:m'&rar_l_,j a..::cranci.{nj RITGY P[abj N te. im an
array for WLW;CLI (1) may or may nok %olal,

The first way out 4is ko kry Lo 60!\{8 the
Prol:lem Aoy a r-q!:elﬁ for E\ne. cases AV leicL) t‘nc
Pr‘ecomdu biorm does wok l’\ojo[ . For our currenmt

axamF)e this jives rise ko, for sinstance, tre -rcs”ow{rlg
Pro‘gram:

{true |
sfb‘(a - {arr‘qy F[awb] PN emp‘:g_)
Fre_sehl: P fal.sc

U Qsl—_-, - {arrag F{c\.b“] PN mmmemplzg}
L.C C< Cﬂ- Y { g s asc&mc\Ehﬁ, %EMCE}

resemk = false

ﬂ UOSC - { s O..scenc{\‘h_g, \ﬂenct}
Pre_senf:!: (f,lg = C’)

I fas C~ C<fb - [adb, hence a<b]

Trog !
3 Pi"t’.’..‘:‘:\"?r: L= (rx = C)
i

—

Ci

S—

ﬂﬂe Case aha[‘}js{f;‘ l:\rmi: ore (> E\rw,s CON:EOL ko

introduce s ok reaﬂj an amaea‘mj one .

TLM rrore eitﬁant WaY oub 4s based on i:\we
ob.serva‘:ion {:LwJ: (Prtlgf does nok Mslaer..l I:L:e
array e'e,men&,s f:q or f_tn at a.” —vide
lorecond:":l‘ew a<l’) «\]r1<l:5 Lo [:\—:e, Ln:FecEx'on Df m», —
'ﬁ’v\'&a L'mr)}te.: L-.Lml:. L-.l’ceir- ad:uq.\ Vaiue.s are comrle_!;e.l&j
irrelevant ko the (oubcorme of ELve) Compu(:a,l:ion:
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(:\We_tj Qare E\—ﬂouﬂ\ﬁ!: Varia\h‘e; mmfh,\ﬂ .

\We ex\o‘of}: t\m':s oloscrva[:iom ir k\w? roHowe'nﬁ way .
»SU.‘?FD.SE a“ we hRmow aboot fla-b] < that (b
is ascendin and Hhak ashbrs (,Ehc array vnay
be empty) . We define !:L-:miSH values L@-r)
and [ bsd)  in such a way  bhal

f[a«‘l . LMJ is asce\nc[{mj s and
{. (a-1) ¢ C .. (< { b+, and

,fa_l‘hca L ao[o[i[-;’on a-1 < l:H-f L?olc{a, We \da,ve

thus Jard down Freci.&eJ the regquired PrECcho(E/:fﬁn
Y %

GF (Pf“g_gr‘l, be it wi(-]n l-:"ve jhoﬁan!:iq!:foﬂ

aab:: a-f, bt T&ne éo[u{:{oh ko our Fro}::iem riow

\"ED\OLS

,}:j::“ o -1, .bM
s de Y #F X+t 2
b= (xry) dive
{Oxs —~ iﬂsj:, bhence 'F") L5 &eﬂ‘weal}
i_E qus C - xa-—:\v
g C<lh o 3zzL)

B~1 £X A x<b+1}{(’.x$CA C< f(xu)}
s {Ea«-f: X - {C< Ca} Fre_ﬁeﬂl:!:: ra’.sc.
I a-1< x - {asxz\xsb,
bernce C.X is c{epa‘ned }
\Or‘e.seml:e:: Cx = C)

Q. X

And t‘«c’z, we £L1;'n]<, s @ mucLz icer cle-ve’OPmehl:
— ahOL a mucL) nieer Coo{€- ror- l:‘ve é:l:a.ndam[, lDl'har_\j
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ﬁQQPCL? ‘-’-X“!’I’IP,{’ . _ﬂ";e, l:ec,iﬂmq/ue CLYDFIH?O[ —-ac{c(.a'hj

E.\’MM‘SL:E vm.{u.a:; &0 Qas to Qshablf&\? a T’Eci,u,ir‘ec[
Precamclif:i'or; — AS bul‘{:o.}ole {m any ul:\'aer e.xn.m\ole§

as well

*

e C*""}C'Hdﬁ our treabement of the bivary f_‘:\car'(:l')
Eec‘qnéq,ue wil:lq bwo exercises armd a L}umhl'on e

exercises are

(c) Givers that L'n{'.e;sei" arre fla-k]. agh,
is  the cormcatenabion o‘ an  increasin
and a G{?—C!“eafai'hj ée%uence,. ft‘no(. ‘J?e
Loy (d’!t maxiymum) . Mare Frec{se]:j,
design  a program Eha b ComFu.[:e:b a value M
fb%cf Ei—wJ.

as™M A Meb

-~ Fla M) <s ivicereasing

~ f[M EJ TS d.acreq.sir?j

(No&e: r['awM] is increasing
¥ <\/(J:Cl.$£<M: < r(t‘+l)> )

((.‘6) Givew} tha b lln’cf_c]er arvey C[U‘"b_]; a<J:33

, ls  the conmcaberabkion of bwe
ﬂ:nca"aa.bt'mj seguences

, Conktains o cL\‘F_, Le.

(A agi<h: L0 LUvyy ., and
. satisfies -pa.. >k,

ole::a'_gh a  pregram ko ComFMEE‘ a oh‘to

/BDE‘L‘) exercises Cav be OOI\JECI. Mst'hj a. btnmy é&arc.L),
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I, however, in exercise (c'é) the given
C a > fjo 45 Aror)‘aeol, we 1o lmnqer ]'anow o(\ a wWay
ko bolve this Projnlem wi'EL) the -Et‘na,ry search
techni we, nob even L we inkroduce a EL\ouLngE

value [ @-1) such thab C@-1y> Fb The
reasoe W}ﬂj !:\qe imbroduckion 0\0 éucln a. i—.l’)outg\né
value dees nok \qe“a here is thal (& may tnkrocluce
a second C“P atk a-1, and, as> we osaid l:efcrc.,
it (s now be\qonc{ QT C.on‘:roJ W‘m’c)ﬂ di w{” be
QOmPu}:ecL by the binary éearcl-;: b could be the
reguired one, but [t could ase  be l::\nr; ELOHJL‘JL— d\)ﬂ
thal we ourselves ivmbroduced

The as 3&L wnsolved Fr“olalem that remains is bo

,{‘dehhigj i-.\ne Erem”se cormdibiovs for- a L):‘mm:g éear'ck
o be QFF!;C&};})€N

Ein c”n over,
20 Novermber 1995

P;_JM van Ga:l:er"e -
2\ \rJHJ F{?_Jc I



