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\,\/ HJ Fe i'jem

Abstrack

The mam purpose of this wote is to creake
more evidence for' Elﬂe ol:)ﬁerva!:iow (:l'ml \aara“E‘
programs, distributed or mot, can be n['or'ma“}j
— arid ecamovmicanj—* derived 10__3 means Or _)‘ML
the E\'veor’_q or Owickc‘ and Gries, and the ryr—ecl:'f:ate
calculus . The examrh selecbed bere «s thre
Prob‘em 0( Thase S_Ehc\—:ron:‘za.kiom, i wlﬂic\ﬂ a
mu.mber of programs each are Eo pass l:lqrou_g%
an unlimibed Hi:'xumi:)er oF Piﬂﬂlje.s in Q@ rhere or less
6_5?‘}(:1‘1!"05’10&} ra;slﬂion. A z‘_':'oqu.l'oh LS cle\/elo\oeal
for bhe bPEcia} case wLwere the programs are
focabed 4w the nodes 0[ a tree and the cormmu-

hicatbion Caci]a,;ie; are reskricked to Communication

wf&l’p 1€ i_gtai:wurzhj nodes

I<e yword.s oand Phrases

’Pr‘ogr'am Derivatiom, Mu][:iprojrammiﬂj,
Multibounds, -ﬂ’Tﬂorg or Gwr'c‘z{ and Gries,
Predicate Ca[cu‘u.‘a, Design Heuristics, Diskri -
butked Al orif;&’tmﬁ, “Hrase S_BWCL\"OH;EGL*'GH
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The wosk commeon vc\.lua‘:ion of E\')& i—.\-veorﬁ 0(3
Owickal and Gries is t&mé ck ch.ic\, ak EC:LJ be
suked for a \oo.sl:en'or( \/ef‘fﬁcal:{cah of Pr.xro.”&]

programs [Rogqt], ond even of omlg those thak

coowerate via {;\narec{. Varfoxi::;\es.. Fori:unmhal}_;,
this ‘,{m;'[:CCL vigw or EL){ FOLEHEM! o-f ELve El’reor}_j
(s, 1::3 now, becomirg less and less berable , because,

lo_g ibs very él‘ﬂ‘l‘ojlc:—[:_g, thre !;L:eorg carm Pref:tg we”
be usec{ for k"lﬁ rm“ma’ der-n'v;zl;;'om o( tcara”e’ Fr’tiﬂram.:v

Over the past few Years, q’m'Le some evidence
has been collecked thal armed WH’JLJJ\A.::‘: the l:‘wcorg

0( wackl" and Gries and the P_rec{(cate C.aq‘c:u,lbtb,

ore <an not unl_xj _just derive '.:\oarc\He‘_'r-’r'O_gr“qm:: from

(:)‘n{r éFec{ﬁcQE{onsJ bué FrIoFeover and l:\m‘:. {s
cvm’ﬁe imr.;orbaml:w that ikt can be dorne in a fm'rly
ecoromical way One of the reasons for us bo
wrike EL\L:; rote (s Lo o\'vow how khis wOrizs. ('\‘.so,

we have chosen to develo\a a d_g:_;:l:-ri__byg&ed u\jor-ii:hm
ln order ko demonstrate thal Ehe E"H’.m’“_:j or Owa‘c‘mf

and Gries s insizrumamkal oubside Ehe realm of

shared memory aaorithms koo Of course, one
éfhﬁ[e EKGMF[e carnot exhibit the 3&%}61"@.‘ mod e
OC denvimj Para“e‘ Proqram:a — mull:{\gr“ogr‘ram-‘a

we ca” thern —  bul a'Eucam ja’ve borre o[\ H[:,Lle ﬂa\murw
le:e rea:onql:»lea and. mere varied, accountbs, Can

be (ounmd in [Moeq2] and [vd Som 94], and (n
[Feqp] and [FG §5 ]

TL:e L‘.\deorbj OC Owiclm' and Grn’e:;, ne br'ief

T exP[almfnj t\nc ELweor_g of Owic)m and Gri‘es)

Wwe Conlime our:ae.&ve,b ko wlﬂa[-, is reeded for the
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umderstqnc{fns of (:\'u'_» obe For tnore deho\ilec{
aﬂo'analﬂ'on.ﬁ We refer" to [OG76] or [.Dj(?-?]

A my«,lki‘aro rarn As a sek of ordirmary ée?uehkiqi
‘*‘H’i we Ca.“ i:)ne <mu“:t‘r3r'ojram '5)

programs, w
comraﬂenﬁ—". 'ﬂﬂe mu.“:\‘orojrairn a5 Qa w\fm]e \’lﬂé
a precondibion, and thae comr:onen[::.a may be

ammotaied E\ﬁe wWay we are msed. Eo Qm— 5eciueml:s’o¢t
programs . The &\ﬂeor—“tj of Owa‘c"zt and Gries te”-‘»
u.swi;\'m& this amrokabion s correck wi’;ehever for

Qa,c\') asserkiorm (v EGCLI comPonchL ik L)o[c{; thva b

(¢) it 4s "‘C’C—“”lﬂ C,orrec,l:“ with respeck to the
Com!oonenh iv1 which ¢t occurs, (e (kis
established 193 the (d-jj”"-m”-'"-”_ﬂ)
Pr‘ecec{imcj atormic astatement oC that

c.omioome:n{.

{ic) it s "3|o[:m”3 correct” with respect to the
rest of the rswg.stem_, fe. ik 45 rot Fa,l,sfft'ec{
bﬁ any akbomic staternent or arny o(:L:er'
ComPcnen&. (“ﬂnib {5 u.&uq”:j Cq”eo{

"A'r'll:er”(-ﬂer‘ﬁhce ?ree dom " )

And, n Prrr)c{F)e_, this (s all there (s bto b,
Of course, ik ouj%k o be clear which stabemenkbs
are akoemic. Im our porh\ncaminﬁ @.xarﬂ\o,e, we
WI” dcem a.&slﬁnmenﬁ éEaEemamEb CM’IC‘. 1:0~C0.”£c{
jwar’c{eo{ éh-ip:' — &tatements of E-_Lle. form

s_E B é"?f'P i = ko be akowmic .

Arother impor‘i:anf‘; rokier tn mulLEPrOj;~ammihﬁ
is the mnokion of =& bﬁﬁl:erﬁ invariant A
relaktion £s a Aystem Lrvarian t i and om}_zj {F
itk is im‘o[fco[. 103 the h’)t,.{,“:l}@l’{)jram’.ﬁ Precomc{:[:"nm



W2 - 3

ond s rot falsifiee lo_g any akomic shaterment of
any Comraowenl: As a rebu“:_, ari dvnvarnant can
be added as a comjunct to gq_qlq asserkion, and
therelore we can afford the (reedowm of wri bing 1k
ﬁ?ﬁvghgrs v E"H: arrokakion . Sgbbem invartanks
3;“eal:f_xj contribute to the RConomy of Provimj avel
débfjhfh‘?, ond when umsed n the way tadicaled
abeve also Eo t‘ne c:lq.r-{[:‘lj op extoosil::'on avd Lkhe
gconomy OF Wriéimg, een Gid r’eaoi.(h_j .

Fl'ﬂa”_ﬂ_, we toofh[: ouk f:"‘ml-. the 3%&;""0\80{ és’zf}c& s
our main tool Cor acLi‘ew‘wﬂ s_!.jmc:‘ﬂrom'aa.f:iamf
’D_&jnqmecaﬂg, juarclecl. ék}“o ;_g’B - é‘QE‘P _E: (5
é_o ﬂB -3 é}l;P Q,d. \r\/e "and\le &’:

QCIPMiVQ)an ko
Wl’lfc‘ﬂ i Hoqre-(:r{iole éema.ml:;'c.s

via @ Proor rule,.,
For \qubial correckbness reads

Ttks vnost I\?rec&uewk arplfcqh'on 15
E'Bwﬂ:;l’zipg_' {T_;J} R

Lor aﬁtabffs\m‘hﬁ the local correckress of asscrbion T3

Total /,Dea.d.\oc‘a and the Multibound

f‘_\r_)qrt {rom our cowvicerr for Par!:ial correckness

OC a mnﬂt—{fnrocj‘ram) w‘ﬂiclq we CaFEure 305 Provic{fhﬂ

correck avmmnotaktion, e are also comfrenbted with

L“.L"IE EOER”B G{r(rer“eml: !Or‘ol:::)em OF "4'mcl1“\/|c{u.a' Pr“ojr'essu,
A Comtoo\ﬂenf:r can become blocked L‘ndef:mizelﬁ, whe n

iboAs enjqjec{ i the execukion of a‘_guardec{ eslm'F,
the aquard of which rever becomes stably Erue due
ko Ethe or)era’:icms or I:Lm reskt ar Ekqe. :sj.ﬁfzem : .Slqowin_cj

fhc{lvid.ua} progress 15, inm 3ehera},, q,u.il:e a ﬁa.s&_tj
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tas\?, 50 na:;EH even that comrzuke‘nj science has wnok
Bel; succeeded {n bo!viwj this ‘orolas\:m in a

&achn{ca”g éal;%:,fa:&orﬁ priariner .

Under sorme 5\0«1(:.{9.1 Circurskbances however, the
Pr‘ob‘em off individual progress can be Lackled
3;*610'. fu“g) . C(smsic:{er“, por‘ exam‘a\cd L‘.\ne Co“owing
l;\nr‘ce ~ COmPonenE YnujHijr‘am, w’qéc’v_, Pro'f.uzzkecl
o the var ables X, Y, arnd z . has the 8or"m

x[x==><+1] s 94[ﬂ‘j‘=}j+*] , o x{zi=z+1]

Now suppose thab this mui&a'PrOjram raintains

as a agaéem lnvoriamt

MB

rcr sorne Comstambs K, L, and M. Ve ther oEserve
that d, {or ome reaser or arokher, ome of the
Comr;onemts cormes Lo a defz‘mrl;i\re \ﬂqlt, A0 wi”
the obhers As a resu[l:, the muILilarcaﬁram as @
w%o,e can c{tspjaﬂ Ju;k Ewo 4&cCewmarios as (ar as

progress 43 comcerned ., to wit

cither g._” Comkaohenlza el c;‘:ucl'c forever
- this s Ca”ec( “tobal deac“oclz“.m

GT _e‘ES:L! ('mdi\!idqal c.‘omFomenL make s progress

So, in the presence of a " paulbibound” L’l?e. MB ,
imdividual progress Can be demonstrated b él‘low;hg
the abﬁehce 0(3 the damjer' of Eof:al decccl[oc And
the nice e;hmj aboul Ehis s that the latber can be
done b_tj Just the t\ﬂeorg ol Owicke and Gries
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_ﬂ’re way we f::ﬂaico.llg prove the abserce of the
dom_cjer of Lo kol deac{\ocj& is as follows . \We \a_g
down o correct Prea.s::gr!:ian ko Eac")juarc{ecl bk;\o
in eac\a ComPonemL, ond we then show Ehat (or eac
Combinakion o( juardecl é\ze')o_ﬁ ~ taking one grom
QG.CL? C,o‘mgaomen{- - the C{l'.EJUU’}CE:!OH oqr k e.quards
A5 impfiec[ \:aj the Coryuhchon OC the Cor(21P0r1dfhj
Soreasserlsionﬁ ~ <f 1:14003&6] -

T[’ve proxslem of /Hfmge S‘gnclnrom'za[:ion

.S’aec{ricql:i_on

The Prouem of F%qm %mc\ﬂroniial:a'on, wL;ch; we
learmed frem J. Misra [Mqo],{Mq!] , (5 as
Collows Ve comsider on arbitrary, nonempty sek
of cOmr)onenL Pr"oﬁram:- of the Corm

Comro.\o: XESF}
We assurme l:\’ml; f;or eac\q o aH {rivocakions o( 5~\==

Lermiviate . The auccessive 5~§9 S are bhe successive
Pha}éfsj_‘ 0( Cmmr;ﬁ - TJHe F‘“OL‘CH’) oW L Eo
,bjjnc%ror'n'?e the chFonenEb i @uc\'—, a way k"mé,
whern a compermenk (s abhout ko start the execubior
of ks (ne1)?® base, all other QomPomemE; have
c:omsafel:eci bt least of the ir P&m:c.ﬁ . In order

Lo rervder this &_Bmc‘ﬂr“omizab'om recpu.{r-ememi. Friore
Forma”g and more precz_selﬁ, we {erog{uce_ a tresh
varial:;le K.F 5 For‘ aac\—;'-cem\aonené CWFP

tha b l’-zee‘a; track o{? the wumber of PLGS&T: Com;;.)o
bas Com,alcl;eat. Qur g.ir-al: version ol the

mul&i\or“tijram thus 3eb the Lorv
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Pre: (\7/4:},:: xw -—-0)
Com’op-' X[ { <\7/6},' X-.PS X(f/> . ?} _C)r

3 x.]af'-'-'i‘fx\p

]

Version

"n’lfﬁ, now, A5 our ormal é\aeeff;’ca@a‘or) _ﬁ’)e, l:qs[ﬂ
ohead of us s to buperimipose  on the above
kraujf:ﬁr:rojmm addibiomal code s0 as Eo achieve that

thre lalujjec[-in asserkion <\/af X.p £ XQP) be a
correct FreComci{!:{om ko .S.‘o. We wse Ehe é_tjmbo[
? to exP'ic;'lej indicate thal this remains ko be
done
X X
%

’_Be-fore em‘om’“i’\'ihj 6 Q solukion, we ok::servc’
thal, no mabter how we Proceeal- e Z-si:al:)iib“ulhj
(:a\rjel-. asserkion <\7/? X £ xcp) s relakion

MB <\7"F <\7/?| xﬁrps’ !+><<{,>>
wf“ be a bjbhem invariank Rul this is a Fer’(:’cl:
Mu“:{.]aound Cohsecvueni:b, to bl‘mw &'mc[ivfcluai

ogress i our wltivmate solabiorn 1k ,surﬁce.s ko
show Bhe absence of EoEa.’ deac”oc,lz

.‘T;)ward!i @ o‘i,skrfj:suteal .fso'u‘::”oh

Ty versionl above , LLve: |oca, correckness Or
l:cxge,l: osserbion <\7/C? Xnp £ X’C}> is wnost easis_g
Qb‘:&l::)ibi’led. bﬁg o juarc{e& é":ul}a wikl’) that

asserbion as a jt-ml’o{- However, khis would require
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chu'ix"bfeb for direct ihﬁarma[:l’on QKCLJG\")C}E between
any Pm‘r oC Com\oonenfsb- Qur aim, (—}10;:5%, is bto
deve“’\"’ av G.BOT"{H’!M por‘ E"')C Casne .':L'e COmFohehLS
form the wmodes op a kree and can cr-.ij cormmunicake
with f:")e Com"JOWEnES in Hhe Hegj&aioourwlj hodes -

As a first step towards such a distrbuted a.bom't—sﬁm,
we rewribe our bargel assertion inko the eqmva\ené

X.p < (lc;:: x.g,yi ,
armd thew decide to nominate one {ixed COMPOHCY'?L ™
— to reside in the rook of the bree — ko kee\a {:mc‘?

OF E"?e mimimal X - Vaiue“ i-e. vraiv kal»

x.rR = <1€; Xci,>

This al’ow; us ko rewrite our Ear;ch— asserkion into

E“)e Qq,u |'\ra\enE

e r) < xnr?

In order to ermsure l:\’ml l-.\')e minima) X - va]qe wi‘”
indeed be im the rool, we decide lbhak eaclﬁ Pat\q
rrom 6 rnode kowards the root will exhibil a

dt.scemc[fhj seguence Gf X ~ VQ{ues- (’ﬂ’m: the
X - values form what could be called a down-\veaj;-)

More Precise’g, with rc} &enol:inj the [ather
node of node g (for ?%R)) we decide ko

maintain as a system invariant

Pp - (\/q,:q,i’R: x.<Cq,)$’<CP>

Thus, the nexkt version of our muJE{probgram becomes

T5 l denobes l:")c Yriemrmuoin
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Pre . <\7/£},:= X-q =0 )

Iny‘: MR, ¥
| Po, ?

ComP P )&Y' {xﬂps xR, 7} Sia

5 Xp:o= P+ xnlo

]

Version |

'ﬂqe core o( the dc.si_qn

T versionl above | the loca‘ correckress of
asserkiorm  X.p < « R could aja{n be e.stalg‘{:.\\qec[
eam"j 1:{3 a. jua,ré.ecl 5!1{‘9 wi[—lﬂ E!ﬂa); osserbion as a
Bk{arcl.. H‘E\fiouj\a the sibtuakion has imrgrovecl
compareol to w\*ml: we ‘qacl vy our Prev,‘oué versiov: ,
_5ucL; a juardecL AZ;Y" WOU]C‘L ¢E{” Y—eciug,-e a_c.'[;!;,'e5
for direck jvlormakion exc\nancje bebween the rook

T

R CW'JGL ahg OELver' ComPorlenE 50 wWE musk ?i‘mo{

o way ko 4 worankee the correckness ol X s x. K

A A diflerent wWay - Owe or:(:orl;unitg is creaked

by exploitfnj the transikivity of < ., wviz. by FEPlaciHB
che l:mfjet assertion with the stronger

X-PS “-SOYV\EELI;Y')‘B“ P ".:womeu'w[mjus X’-T\)

IF his is 301‘nj Eo wor‘r{ out we“, the nbovnt:i:!’n'nj"
OL{_BH: Lo be am expression that der:ena[.s 0y
informiation in Cornr»ya ormd (ks (mmediate neg\qm
bouri’;ood cm’_j  Tn that case the Cirst CDY‘!JMVFCL
becomes o suitable camdidate for a qarc{._, avid
the second con_juncf: — and there will be o c:ure! —
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had better Co”ow from o system ivivariank,

(In passing, we wish ko menbtion thab this
5;.(;:—@1-;3:305 L5 qu.i(:e ﬂemeraiJ when mu“:iprogmmmmj«_)
uh(or{:uha&eib, {:L'le Cor't__jur‘}c‘: "éomeun{njﬂf x
canrok Fa”ow (rom ome of our current 553Eem
invarianmks M3 or Po, because meither grant us
an ine%ua]fl:_ti with % T at the _Srea(-.er side and
Q "bomc&“t‘mg" 0{1 the desired éLm;oe ab the éma”er“
side . Therefore, an e::,:aeml:ia”_g mew ingredieni
lhas Lo enker the garme . (5c~ rruch fi—— these

hewriskic corsiderakions. )

That 2ssenmbially new Jéhcjrec(ien£ consist of yet
ar'lof:l’)ef“ ée[: OC ?re_«.,ij Var‘fo.l:)i::;, Ove frev comrochcnb.
T")fj serve ko elivminate our (:Da‘:je’L asserkion

Xy < R in e Co”owfﬂ”g way

xps xK
& Cor the "sormething” we choose the fresh
variable y-p }
Xp<yp ~ ypsxW
& { the first conjunct will be our new targel

asserbion, bul the second ome is as
curnbersome as the old X s <R . W
there{ore Proceec( separating the 5'5 and
the x's ynore rijorou:,'lj. }

Xpsyp ~ yYpc¢ y- R A g Rex K
Here we decide thakb the lasl two Cor’l_ju,nc‘:b will
fo”ow g’rom Frew bﬁﬁhem irivarianks. TLze frvariance

of the middle corljumci recf,uir"ea thal the rraximal
Y- va‘ue resides (n t%c rool , arnd we wi” meet khis
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rec;uiremeﬁ lo_t.; éeelm_g ko it that each Fah\') from a
rode ko dhe rool W{H exhibil an asccndfnj seguence
of y- values ( Thus, the Y- values Form whal

could be called an u,‘amlneqp )y More Pr@.cibe’g, we

5"16.” maimkain as a b_g,shem Avivariant
’Ps: <\7/6}c;,7é"]2 Hm%s _g(fcp))

ﬂdopﬁiow of l-."xe l:lm‘rcl COHJ.{AI"PCE — gr]?s x K — Hielc{a,
with o amd T1, the ::Eroh‘ser

{(r Combinal:ion

{fvariant

o (Vq, g.c;sx,cp>

I view of our target assection xp <y p, b will
be recessary ko ivicrease y's, ored in our wext
Version we immec{cakelﬂ do Jugi:ice ko ‘;11{.5_, ardl
to /Pl, bﬂ Plu.jjfnj i a.:.aic)mmcn&:, ko Yy 40
that P2 4s sakislied | . \Aje obltarn

Pre: (V‘}“ X4 =0> ~ <\7’c;,:1 3~5P:O>

LAv: MB, ¥
Vo : (Vq,: g+ R x. (F.q) < xq ) . ?
i (g g#R: yq <y (bgld . 7
Pi: AVg:: ygsxg)y . ¥

Comrj.lal x[ {x.;as Y. p. ‘0} 5,[/:

3 X»P T X,F
S ogprs L yp
]
Versior 1
T It o5 the erder tn which xp and gp are increased

{'-(ﬂa{': Cbli:{'r_‘) Q‘l" /‘?2
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Meamwlm’le., the correctmess of our new karget
asserbion — Xpsy.p - has beevr established lo_t.j
covrskruckiorm . Whab remains s our care For Ehe
invariamces of  T0 and g«

Solubion

As ?or T)U, tricrerneniks or N i Com]o P
can violake it. The WEa.l?esE/;JreComc“E{on For
X-pt= I+ x P ot ko Vfola.l:c 0 is

<\7’¢v-c},¥:’R«\ F:C? f+X.F’$K~@>‘
N]ﬂiclﬂ -~ since = fcf, =) c}‘#? — éim]o“ﬁes to

(Vay’ P=Ccf,t L+ Xp < x‘$> .

We P!u &lﬂib i as o Pr‘easserl:a'oh ko Xpr= f+ X

[ts _9’0 al correctreas (s for (ree because other
comrzor‘renl:,:\ Oh)_Li fherease their x-values . Its

[ocal correckness will be eskablished 133 & Buar-oleci
Ezkir). Notice that !:L’)c Cvaluatiow o( this condibion

b C"""‘I”P r‘e%u_ire:: Cormmumi Cabion wi th COMKJ»PJ-S
ch'lolrcm cml_(dA Also wrokice that for lea! Comloomenb.s,
this condition oim(alif:‘e.:a bo brue 40 thab here the
corre.sldomc{.in_c} 3uarc‘eci b!rafr::s can be ‘ef& out a“:c\zge&‘ner

As '?or ?!,, increments 0\p y-p in comP"F
Car vio[aEe it The WEake:J: preconc{{l:iova pcr
ysp i+ I+ Y-p ok to violate T

(\7’(},:(:;,%7?/\ p=g¢ |+59,\<3-(C@)>’
wLn'r.‘q Cor P%? &impl(g‘e; Lo
L+ yp < y Epl

1
%
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and  For P"? ko  brue

Hgm'n iks Blobaj correckiress (3 For ?r“ee,. and (&>
local correckmess will be established b}_.; a 3uqrc§ec’
ékiP, \We thus arrive ab our next and alrmosk [;-‘naj
Version — Plca:,e iﬁnore., Cor Hhe Livme beimg, Qne

added asserkions —

“Pre : {Vayr:)Cc;:U/\ ’\<V‘%7’3$=5)
L MB, TFo, Pr. Tz, all ¥

Comp p (p+R and p rot a leal )
x{ S.p
s {xp=yp. vl
i (Vg p=lg: 14xpsxg) o ship
3 X'Pff 1+X]’
[xp=t+yp, v}
firyps ydp = skip §

2o Ypr= ey p
]
Comtas—a (19 s a ]eaf_):
K[ 51=
5oxprE A EXE

H '{XF*1+3?,‘V}
if 1+_9F-‘5_9-(CP) —~ 0}1{]3 &'
Yprsrryp

Co'rnipp (YD“-':Q)&
x[ Se
s {xp=yp. 9]
i€ {\fa},:ta-:f‘c?: Irxp $% G5 — Aki]a 5

i Xpai=ltxp
Y pit Liyp
]

ersion 3
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Arnd we are throu \7, be it thal we otill have to
devmonstrate the ijemce of the damjcr- of tobal
dea.c{loc.k The asserbiorms we added have been

ineluded por' thak purpose .

Absence of “Total Deadlock

We show the absevnice OC the cianj-er o( tolkal

deqcl,[oclf-: loﬂ ﬂ-ﬁbumf\ﬂj that each com'ooncmé. s
5§:uck i an if - stakenient, and thern derive the

vca,licl{f;ﬂ of false . Most c.omr.vonenf:s have Etwo
if. stalerments ; the leaves and the root have just
one \A/e F1ow c::lou.r l:kﬂ{ c’.omr:omenh:: aif;lqer b'ac‘?

or w%t'fze b_g the corvenmbion that a comjaonenh LS

b!acl‘\' WLH:‘YI .5Eu,c.\1 in iks first [ sbaterment
(abécnfz at Et—:e leaves) ., and

whike when skuck 1n iks second if- skatement
(abzen& al e root)

Thus, the rook is black and all teaves are whike .
As a Cohsecpuence, (:‘nere exiaks o ,l:fac[-z Componen&
with white children cmifj — hice, little P!“OOF
onibked — - Letl P be 4uch a black cov‘n}aonem& :
Because it is Llocked i (ks First f- stakement

we "'lﬂve
(¢) <36; P-"Cq,‘ K“P?K'?f) A NP EYp

(T]fvc (irsk Cor‘nJuncl: (s the hesakr'on of the 3uard
ard the second cor_rhjumc}: is the Preas,ser&iom WE
added to this ‘P stabevrment . )

Because al of P's children are white, hence
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blocked i E\neir second (- stakements , we also
have

(é't') <V“r’ F-—-fcp oYy : U, (rq,) A x\r} = ‘*Bﬂ >
(-TL!E aoﬂ‘)‘uncé xq = 1tYyyq is  Ehe lorea:.;,eri:ion
W€ G\C“AQC[- to (:Ln'b if« éEaEEVﬂEHE')

Now et 9 be a witness Cor (¢ o de.
(ttt) P: f-q, -~ x“az N(i( ~ XP:HP
By instantiaking (i) [or this g . we (rnd
(cv) Yy-q 2 5.((}” A Xg o= t+Y.q
\/\/e mow derive Elﬂe chhc!;bﬁ OC Ca.j_sa ., &S {o”owj
x P
> {(ft'i)}
X'cp
{ (v}
i+ 4.9
{(c'v)}
t+ oy (Cg)
= [ (i)}
| + 4. p
- (i)

i + x.‘:v

i

w

So mucL for ELw o.\a.sc»nce or Eota‘ deq&ioc'z.
'ﬂnqﬁl-e::- ko (;ine Pre:ence 0-(‘ \mu“.-il::oumc{ M,

individual progress s _guolmnl:eed as well .
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A ﬁnal Lransrormal:{on

L Primcipie, our c{evelopmenk (s done. Yet,
we wf::l'a te address kwe more (s>ues l:Lmi: could
be re!evamh in Pro«c’:ice- One is E\')e ral:lﬂer
coarse --'graimedmess of , in \aar!-.icu,qr, the atomic

juarc{ﬁ (\/7 P:fcp + X2 s Xq/> ,  and the ol:]oer

em  of the ever growing Cm{:ejer.ﬁ X

i5 khe prcb
and Y -

The Coar.se-ﬂro\{nec{ 3uard: are elienimakbed as
Fo”ow«s\ Consider a mu“:{r;ro_ejrqm i wLn‘c‘q ore
of the c.ompamenb conktains 3uardec{ Aq."o
if BAC =~ skip Ci Now, there (s a (raEHer
uh)?howh) [:.S’)(’or*em — The Guard COV":‘IJH?‘IC[‘:\OH
Lermvna — 5l’.a£m§ that for 3]01::@”_5 correct T

bhris Coar_se~jr-mmecl jvmrclec[ :slet'\a car be replacecl
with the succession

(_@"Ba&-cip EL s !“E C - .ea)'zf\o Ef of these Lwo
Fz‘ner-»ﬁrafﬂecl juardecl b;‘u‘pj, wit‘qouf:* thqirc'ng
the correctiness of the multirar‘ogram. The tedious
Proor oF this (im‘oorkamt) lormima 45> wok given
here ti'4oomq3] . For owr current examr;‘ge, tn
wlm'clﬂ eqcln iwd-'vidua‘ ConJuncE f+x.e & X4 s
_gloloa”_g correch, t"u'.s rreans that E\ﬂe conJ‘unc’::-

cant be e\/a.lual:ec{ ore i:_g orme, avd 4in any order .

\We deal wikh the everﬁrown’n_g ﬁntejers b_g
elimi\nauhj Eiﬂem\ As for {:lfle. elimimal:(on of X 5 .
we observe thal thanbs to the invariarnce op

M3 <VP’3’” X.p s 4+x.q,>

two art:;a’&rmr_g x—vrxiues differ 5_3 ab vnost |
We can E‘ﬂerefore per“(or"m o. coovdinate s:mns?ormaf:;m

Arko (:L-ve bo«ojema domairn , viz. we drbkroduce
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booleans © . ore per Comrsorzeml:., éucl—; Lhat
cp =g T Xp=xg . and hence
Cp # cg = Xp # %3

We can then translate our program as Pollows

{+ Xp § x.q > Cp # g

X.P:= 1+x.p C.P-.zz-,c,ja

The elimination of the y's s Pre':l:_g much the same,

JDE(‘.QL{SJE W& CRN PI“’DVC“

(\/p,@:: Yy ps +3-?) s

0§ fo“o\.us :

Y-y
< [T}
y R
< {T}
x. T
S {7}
quf
< {5!:1'uc(:¢,&r*e of Co\mr;q/}
1t Hff/
We inbroduce looolean.s d ko reloiace Y o aved  our

ﬂmql program  — of wkwic\n we rnow _jvuat 3ive the

raw code — {5
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’Pr“e : <\7/F'ﬂ/” C,F = Cq/> ~ (V/P(cp:: dP;dc},>

Com]amr) (\?%/l? ard. P ot a ]«eap) .

x[ .S..\n

5 i‘g <\/CP' ‘a:rq/: C.p #Cc;> - aim"o E
4 C»F:.—: - C.

s dp g d (fp) = skip U

» o dpr= -;d.to

]

Comlo]a (F 15 a learn)
«L Sp

3 C. r =z 1 C )0
3 d..Prr- qc{F

2 f (\/ci,: F:Cf; CoCp £ cc;,) — _s\mIo [
3 C‘XQ:=~1CT

- GLF."J 1d.F
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Final ‘Qewwtr&?.s

Tt s oru,{L»e. Probaue that Eoe a\ orithm  we
deveio\oed Ls w’e”- kinown . AlLter Ehe a.loove was
dovre, we even recogm"zecl that dae aljor;'!:%m
c,.ou,ld, ever l’m\!e. bee—h (mvenf:ec(. b_bf ‘Obﬂ"&'lﬂ opes'ats'ohqi
considerabkions. After all, ove can view «t as « i’”’lﬁe
bwo ~ sbage hqmcLﬁLvaS’\'e Prol‘.ocof. Tn the [irst /.si:age
the lea.rg v
5£jk)a’b towards !:L;e rook As soor as this wave or
c.amplci:foh 6?5?)&’5 has ceached he rook, the lakter
rellecks t as o soermr'sbs‘oh biﬂnal which then

rodes , abﬁwcl’u’“m—wou;ljl, sench Com‘o[ﬁl:fch

scallers ‘:L\rﬂu.jl'} the bree 3¢lvimﬁ nodes Perm(::.sloh
Lo entber their next P"iﬂﬁe‘ Etcetera . (This
'{q—}eta?'ﬂoﬁ‘ makes clear Ehak the a\gor«!:lﬂm is even an
ecrrcienk one : An1 a Tlaa::or]aloie Eree , the Lemj&‘ns or
the communication [ihea between (:Ine ‘eave,.a ard {‘.’l")c
roobt 43 nejlajala}e Comioarecl Lo Elﬂe number OC Cormn 7o -
t’iehf:—‘: e E%Cjame )

T2uwt even iC L:\ﬂe abora'dﬂm were (rvevrbed alonj
bucl') Lires | the task or Provivig tks correclness woul&
5{:,” rerial And i:.Ln';s cauld be ex':r‘ewne’_tj d:'ﬂ-\u'cu((u
AL besk, ore wouwld reverse Hae course of a
deve(opmemE; but & is f[ar more L'[Q,e‘}j that
an & Poﬁi:er[ort Proof will 2mlber vnore cumbersorme
a.”e_gs_, if ok dead ones Derivin programs
From their 5Pec:'pz'c.al-r‘on,s 15 '5%5}: mt:u:Lu friore ecoriomic
and sakisfackory This s s0 because pregram
derivakion (s a very ﬁoa‘hd{r‘ed:ecf. ac;i:u'w'hjj i
w\qic.'n the pprogram and (ks correckress Prour see I:ch
Lf_c]\’)i: in a harmoniows ﬁx_s\m’or-a

Ttm: ria v purpese of i:\m;s hote was Lo drive home
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the messaae Ehal the derivakion OF riok koo brivial

an ajjor{i: w blee the Destributed Phase Sﬁnc%rom'za Eron
is very well doable, with the simple theory ol
Owick: and Gries as our onfj tool for reasoning

abouk h’su.“;s programs

Hchmowlec{qamenﬁﬁ
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