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Exercises in Calculqh'nj
WALT Fé__tjen X AJIM van Gastererm

Dear Masters, Co”emjue_s, and Students
ab the 1996 /"‘arkkober&or‘r Summer Sc\—wo} ,

be did nok fee ufe ko a{hemcimj this 5ear'ﬁ.
Sumemer «SC—L')OOI, ore o( ws  (WF) was (nviked

Lo fll inm his slobs. ?r“o-(r @jkbb"a had ‘
Plammcal to address ” "ﬂ’)e ﬂebijm or Calcu‘\ql:;'ow:’a‘;
an A'MPM"EQHE AssuUe for wmodern ComFuLemj
Acience . Due to :bl’ior'l:a:je of Eime we were viok
able to compose Q colerent and Chformql:rve

Eext ducim_g wi kb th s LoPic, So we decided to
f(” i the emlahj slobs wf%lﬂ some talks or

VWhen Ed.sﬁler“ W. @J'ltsl:ra indicated that

Mul by ]ar'ojra m\m:'mj )

Neb we felé {:jﬂal:, (r1 ome way or awouﬂer'.
we lﬂac[ ko rermai raauﬂ-ﬁtl Eo :D‘_ijk::l:ra'é oﬁjimal
\or-or;o_sal, and Hhaak 1s ""LZB we decided Eo
concoct a small set of exercises EHhal cam serve
as & Ccarrier for discussinm all sorks ar a_specl:.s
Coricermitn EL)E’ art or Calchhz'mj, Our qum LS
ko d{.slzrnﬂiuf:? h\’le EXerc(ses rev‘v ‘:33 -re,w —_1e.
ot all ak a tirme —, and aslz you ke solve and
discuss Ehewn c{um'mj divmer or lunch, or in
a lost l’mur, or evern late at nmighlt i» a Ful::

We can osk this because the bu of Gur
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exercises do nob rec}qfre more  thar. say,
fo Calculakiona’ bEesz. and wrost of I:L:em

ever rar" ‘e:‘nb ELIGH"\ Lhat -

There (s ore imPorEanL ELnéng, (:\ﬂcu_glq, toat
You must  promise us net ko do, hamelg
recard Hhemm as exercises 4in \orol::]em 50‘v:‘ﬂ3
ijcour.se You are we]come Lo ree] excited

and dela’j\'ﬂ:ec{ when you rou.ma’./de:;zjﬂec{ a

CG’Cu‘aL{onaJ éo’u[zs‘ow, buL You are ot a”owec\
to leave 4L al L—.\me, because ik s Oh,_B E"')en
wl'ien the r‘eal game starks TBecause b onjg
ther Ehat you, ln discussiom with OL\’)EFS who

tack}ed t\—ve Probiem, chould address c}uesl:iom.s qu
e WL’HC.L‘) [rmve l:eera my deb_ljm Comsider’a‘:{o\"}-b ?

w‘ﬂa['- (s I:L;e ovtara“ structure of My c:z‘cu.}a[:forn,

armd could ¢ have been dore cii(rer—erw”g?

o w,fmf: (s the {,\q’{ty o-f the hinks Jbtj&l'{:l.ji;l"]j
the correckress of the J.mciwic\um! skeps ?
(ﬁh imtoor[:qmt q’uahl:_tj criterion s L:Lmi: a
reader cam read &@nd uwrderstamd) ljom’

Ca]Cu..jo\l:tori at a 5&“&54 rot koo slow che.)

]

’ are ke Cmd{vic{.ual éEe\os koo éma”, koo
raive, OrF, ©On the combrary, Eoo larae /

. how &5 the \%ouk of my Ca]culafztow or
qper? Is l:l’ne spacing abttrackive to the
Eumam mind 7 (For instance : "%yt (x4
91)255 {ex]oansion_} x’zf}jz': XQ+.’IK5+HQE{CQHCEHQ‘:{OH}'
§=2XYy = «(a‘rjebrm} =X vi=y Yus mot l )

E.!:C‘ e [:e ra
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Of course, the people \ore::em!-: ab this Summer
5&%00[ have [ots of ditterent baci@ Fournds - “ﬂqe:_g
bave diflerent rrokher i:ortjues, ditlerent academic
educakions, and different ages . And - there is
o e.scalafmj bk — these c\uffar*emCe_s wu“” pop Mp (n
the discussions . In deaiinj’ with these exercises,
however, we mmust agree  on éomelz)—ninj, and
this As

° ELmL we are éutofoseot Lo be mmore or less
qu{Il’ar wl‘!:L; e!ememl:o.r:ﬂ PredaQaEQ Calculu.j)

for imstance as c{e,scri.i:eal £ [335?0]

[:LML We€ é)Efc){ bo the kind of Ca‘c;.&ial:ioha’
format as woed m. for inskanrce, [‘Gasq{)],

[DSq]. and [GSq2]

Amomj {:1':8 FEOF’E Pre.sen!: ak f:\'ii.s ,Summer'
-SC.LDOOL there are a wumber who are famijn‘ar“
wél—.in hLve imlended CQ‘cu[a.Lioan alrﬂjz», éuc:l';
as David Gries, /RMEBQF’ M. D_ljksf:rc{, Wirm
F'(ijem, NeLE_g van Gaskteren, MG\-F"{.M:’: Ka]teanclﬁ,
iﬁurﬂ\nam{ vor Karjer, and deﬁm'l:e,t.j s0vMe ol:Lver".s.
Please, don't lhesilakte ko comkack Q:em/u.s

We conclude this Little le Lier wH:L; the
warn[mﬁ t:}’m,!: bome or I:L)e. exercises are
ex‘f:r"eme.b éimFie, and d‘mL Sovme Qre l?uff:?

hard . Good luck, and - erjoy |

»
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QE(QI"QWCE}:

[.’D.Sﬁﬂ] EwW Qj“"t-ﬁ*:r‘a. and CS. Sc.inolk—em,
’T)t’ed{cal:{ Cc\.lcutu,s and
Program Semaml:fcs)

S'or-{hjer‘... \ér’laj ) Ear“lin, 1960

[Gas ‘fD} AJ M. van Gaskeren,
On l:\ﬂe S%a..\ﬂe. dr
lv‘al:l'wemal:l'cal Qtﬂumznks,
L ecture Nebes 1m Com wker Science G445,
S\Orn‘mjer-- \/er-[aj ., New \(or'k, 1990

EGSC{_%] D.Gries and FB Schreider,
A LOj{ca[ AF r'oacl—v to Discretle qu:‘w,
SPrs'nger*« \/e.r“r;j, New Yor['aJ (993
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Exercise 0

\,\/e cons?der‘ an anonymous My Verse
ecirw'\o)oec[ with a relation <

s For r‘eﬂex{ve and anlzis_ﬂmmetruc <, we have
{:l'ue Ewo éo—(‘.c\.”eof. ”/Ru.le.s o-r IY‘IC‘.\‘\"‘ECL E:c;ual;(:ﬁ“,
viz. for all X, Y

X =y = (\fz:: EEX = ZS_H} 3

]

X

Y = (\'/z:: xgz,-—:_ysz>

Prove ore of e (Hm!:: give a ping - 2ong
Pr"oo(: te. O ‘ar‘oor Lw ngf;uai L"mP]{caEeioh - )

o For Y‘Eﬂﬁxive ard krarmsikive € ., we \f‘lav:'
é’?e l:wo éOﬂCGHEO‘- ”"Ruiﬁﬁ OF IY’]G[I-\""GC‘.E I-v’lecpualn‘&fj”‘,
VIE. ror a” X, Y

x$y = (Vzn oz¢y € 2ex S,
x¢y = (Vzi x¢z € Yszy o
Prove one of f:Lwem.
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Exercise | (Fr@m the very LDE_gt'hm'n_g of [ai:f:;'ce." Cr::_ICu.,]u__)_‘)

We consider an anonymous universe Qquippecl

with a reflexive, am':istjmme,{:ric relation =

and a binary infix operator T (up”),
related by , for all x,y,z

XTBSZ = XSZA\jSZ

Prove

Q) ys< xTy

BY T is associative
c) XTU =y = x<y
d) ¢ is transitive

e) For each fu.nc)ciorw f to and from our
unitverse ,

P distributes over T
= -F 1S mono{:onlc with resPec;‘f to <,

-?) zSXth L Z¢ X v Z< 0y

9) For ¢ '\:O{a! oS we” , e, Psq v qs p
for all p,g
z < xT‘j

1
™~
1,
x
<
N
in
C



AVG136/ W27 - 6

Exercise 2 (from the \nej{nm‘nj of lai:’:a‘ce-¢a)m§u:»)

We consider a universe wikh reflexive,

antisummetric, and transitive relation =

Further more , for each predicate R and endo-
?unc—klon + , te. o funckiorn to anmd from the universe,

<Tx R.ox {;.x)

i8 9iven lo be an element oF the universe; bg
definition it satis{ies

(Tx :Rx * {“x> < 2 = (¥Vx:Rx: t.x s Z>

,PFOVE.'

a) [Ins{:ahHa’cion]
Rx = tx ¢ <T3 : ?.3 : -Lt:})

by [ Term monc{:onicliclj-]
{¥x = sx s tx)
=
(Tx . S.X> £ <Tx te -l;.x) . For each range

c) [”Range Mono{onic%j]
(¥x :: Rx = S.x)

=
(tx : Rx: ’L.X) £ <Tx: S.x: Lx)
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d) {-’ is monotonic with respec}: to <

Por each x, [x = (Tﬂz y € x fj)

Similar, dual Propcr'l:ies hold for
x: Rox th,x)

defined 55
2 ¢ {Ix:Rx: Lx)

i

(Vx:Rx : z ¢ ’r..x)

"

(Opera{:or T s common|rj called ”Supremu.m
and 4 ”ih-rimum".)
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Exercise 3 (?rom the i:\aeor‘tj of Galois Cormecl:ioru’:)

We consider a universe with reflexive,
ahE'\SHMrnajcric, and transitive relabkion = .
Furkthermaore, for each Predico.":e R and endo-
Lunction 1, supremum {(Tx: R.x:+x) and

inPimum  (Ix: Bx: bx) are defined. (See
Exercrse 7. )

Le‘c -P and be two endo-?uncl:{ons Coupleo!
bnj the so-called Galois (annection: forall x,Y

(%) Px <y

= X*4gY
Trove
a) B distributes over arbitrary suprema .
(This is commonly called : £ is unive.rSa“j
’T—-J‘unc{ive ")

b) 9 distribukes over arbi'{:rarg ih?ima.
c) LRules of Cancellation]

X £ 9({‘ %)

f(ﬂx) £ X
a) px = bz xsg,zzz>

9.5:: <TZ.: PZS'Lj Z>



£

9)
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Monotonic -Funcl:ions ? and 9 Hna.’c
Sa\‘:is{-’a the Rules o? Cancellation

are Ga\oi&- Connec:{:ed Qs AN (x) above .

For umiver&auﬁ f- Junckive {7 there
exisks a fumck-{om 9 bqta'sfﬂ{'mj,

(I the jargor, s called an "upper -
ad_jomhu ofﬁ £

UF‘OEF‘ (anci [ower) adjoim[::: are Mmi'ﬁ/ue A
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Exercise b (from the L')Cjt“‘nht‘h—j of exf:rem"kg_ Cale]ub_)

We consider a universe wil‘\v o reﬂex(\/e ,
ankisymimetbric, and Etransi btive relatior <
Furthermore, all suprema  an d ihg'ma are

deflimed. ( See Exercise ] )

LQE‘ ':B JDQ Q. Pr‘ed(cake o our Aamiverse,
and consider ec;ual:a‘cn

(%) x 1 T.x

('ﬂﬂf.s is our wokakion COF anm QQMQL"‘G\‘? /L:S.x, ‘N
WI’I;CL? X As  khe I,'u.hiﬂt’)owh“- )

Q) Give a ror-ma,‘ characke i za bior or
"Qa(umh'on (x) bas a least (wor-bog )

u

SO‘uL{on

b) Prove that Qc;ual:u'on (x) has o least
Aolukl“oh ‘or‘eci,&el_g w\')emever“ the
ﬁnﬁmum of aH éo‘uh‘om; bolve_s (x)

Next, let [ be an endo-ﬂxﬂcbon on our
M iverse, and consider QCfuo»E«'on

(%) x: foxgx

C) /Prove i:\nal: Cor' momohont’q f s Q%MQL(GH
(xx) has a least solubion

d) {'T_iveor'em of Knasker & nr-s\aﬁ 1

“Frove I:L-»a.l: Ccr mworokonic f, ECPual:ion:,
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x ¢ fixg¢x and
X Cx::)(

‘nave ELM: LA e lea5E d:o\u[:—t'oh

8.) el CI, be éuc‘w that
CC], S Ci/ and
(/% Ex:xsq,s ><>

Trove ELW\L_, -[or- rrorekonic f,
qr L5 &L’ze sea.sl: éo‘ul:(on op X ¢ pKSK
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Exercise 5 ( from relakion calealus )

\/\/6 exkend E‘ﬂe_ Iar'edc'ca}:e Ca\Cu.‘ub w’t‘:“) a hew
binary infix operator, derobed § (Tsemi"). of

w"m‘c\n we Pojkulaf:f El'ml:

o 4t 43 df{)'l¢nckfvc (and hence momotonic,
ef. Txercise e ) «n eac:L; of ks ar_"gumenk-.s

o b has J as ks bwo- sided ic{enL—{’:_g )
element, e, [ x5J fo and [Jsxz-xl

Trove [XAJJ A[B")JJ = [Ki_‘j = X/\Bl

(This has proven ko be a clig‘:cu,“: exercise
Cor the wninibiaked . )
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Exercise é (fmm ra!akl'on/rgﬁular(% calculus )

\We extend Hhe Frec{tcate calcu.lu:a wu"dq o new
bmaE in bix GFEi‘a_L:or‘a derobed 1 ("sewmc’), of

w’l’n'c

» b Ay associakive

0 ik has J as dis bwo-sided Lc{enl:il:ﬁ-—

elemen&'_‘ e [X.s J =x ] ond [J..‘:X = X]

we Po.si:u.la.}le f;lﬁa‘:

o b A uma'\/er_SaH_L_; d:g)umcl:ive (and fhence
mahotom'c) Cf. Exerc{_se !@_) ) aacln or

LEs arguiren ts .

\/\/e riow cc:nsicieri, For—- ar*{ot'l:r*m-__aj T . acpua!::‘on

(9&) X Y_JVX;,T‘ r—)X]
/Pr‘c)\/e

o) Eﬂpua':;'@h () Lm_:. @ .b(:r*omxjesl: bolul:\'orv
(LE A [Qaﬁt éOlL&L“\'(Jr‘? wa-L, r‘E;PecL ke = )

b) F:OI" ahg 5, Qq’b\&‘:l‘oﬁ X s [é,sx =) 5_]
lhas a weakest solubior .

c) For & bhe é:Er"onje_sl: solkion of (x),

[AS_‘,LS =) b_] né LS tr‘aﬂ.ﬁi'!:ive")

) E"q/ua.l;fon_s (*) and  x: [Jvrix 2x]

Lm\/e E%e Adyrie. 5!:1"0»156'_5{ solwlbionr .



