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More about umique so‘ukions and

well- foum dedness, courbesy Rutger M Dﬁksi'ra.

Here is an account of (pact of) 5¢slzerc\a,j's
ETAC ; more in FarJdCLA»la.r this note records

a. theorem and its \r:n"oc:&j P Fr‘esehked to us

by Rubger $5ksha. The theocrem says
that xr Y S is the unique Solution CJP

X! [x = X VMY v X;S]

for left-founded (see loter) relakion r, r."ﬁHr
?owno\ed relation s | and arlo'x{;-ra.r:) relakion y.

e

E
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Let us f{rs{: summari ze  the 1fjacjcs that we
know about the somewhat simpler x5 Y and y;S*-

For arloijc:‘rara re\aﬂ:lohs Y, S, a,nci\ o, we %ave

b g

(Do) *vr; y s the \eas’c/sﬁonﬂﬂslc solwtion o?
{)( s Fyx v \j]

(ob) Y, o is the least solution 01;
X [x = Yy Vv X;S]

Remark  For lack of a better al ternative , we
rat her inelegan{:\\j wse * both asa Pre_(:i'x
and as a Postpix oPera+Or.

[}
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Now, one cr{f the theorems mentioned by
(Ru,tgar was the combinalion’ o(? (ca) and (o)
(I-{: was oh|5 mentioned in Passing.) The Hﬂecﬂv‘em
read s

(OC) *F,y, S* s the least solution of

X fx-r- r‘,'XthvxI"S] .
Proving (0c) fom (0a) and (ob) is a rather
Wiﬁktforwwd exercise , which we leave to the
reader. Note that, i{:’ we can assume that
»false and ?@lse# are eq/u.ai Lo the idenéiéj
element 3 of operatpe 37, the reverse is alse
possible :  in that case. (ba) and (ob) are instances

o‘? 0¢) —with s:=false and 1= \Catse ) r‘esPec:'Ei\/elfj,

The move impor%aw{: Fad: to be mentioned

1S H-\QJC ?O’Y "‘oroi:@rltj --Féunc?ed " r and S, '{;l’:e.

least solutions in [0) are ggrﬂ_%g{_@_ solutions
of their Qq/u,ajtiom%. More Frec:?%eltj L we have

(1a) r is left-founded =
<Vx,3 x [X 2 r;x W‘C)_}

(ib) s s right-founded =
<\1‘Xrlj ! xﬁ:jv}gs-} = [xat;s*].

[Y £ *r;Lj]>

1ig

\/Je olic) {:\ne nice. eXeércise afe Provimg

/Eemark
wSh ng

(la) —and, by Snmmehﬂg, (tb) as well -
da_?ini'f:ions
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(V¥x [Xzbr;xl = [x #.Po,lsf])
(Vx:: [x@x;g] =D ['x-d‘.Falsej').

¢ lelt-founded
s right-founded

]

i

We omit the Pr‘co(: here, because it has been recorded
before.

In .Fa.ct, the EmPlica,{:ionS in (1a) and (ib) are
ﬂenu.'mcz. Qquivalences. G Proo-?- of this was dis-

cussed b,'j the Club as well. We may Ceme back
to this Proo(—) obligation later.

LY ?emark .

e
* -

Now, the theorem that was the incenbive
for writing this note, is a “combinakion” of
(1a) and (1b), Jus{: \ike (oc) is o combination
of (0a) and (bb) 3

o

(1) v left-founded » s rfgu_-—(;waec{ = |
<Vx, s [ s rx v VX}S] B= [XE #r;tﬂ)SX:D
9 3

Nete that, again, under the assumption that
xfalse ond falsex equal ], properties (1a) and
(ﬂo) are ins{;amc_es op (4(:) ! -ﬁsr’cuna{a\a,
Palse 15 o well-founded rvelation.

?fﬁ?.?mof {16) For any % and y we ca)c:.n\c:/l:e.

Lx = r;th)vx;S]

Hl

% (10.) Wih\‘i ‘d”—'— Y VX8, U.Sing {:l'\c;}.“:
jr is \ep{"-gou.nde.c\
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[ x ®r; (yv x;S)l

o
{ ; over v3

i

[ x

i

*r,y v M‘/');;S]

]

{ Pt“e.pari'nﬂ the use OF (k) :
o [»r;x = x1, (discussed below)

L%

]

xr‘;tj v X, 5"]

{ (1) with Y= xr;yYy , using thak

8 is rig‘nhr\cou,nde.d
3

[')C"-E *Y’;Lj;SK*]

N@w we are Clcme-, provide:d we can discard
the assumption [xr;x = x], which more or
less  presented itself because of our wish to
QPPIS (1b). Tt de—gn({eb isn't a thesrem,
not even {or leCt-Ffounded r ; in Loct , left-
undedness has hotlf\ihg to do with it, as
will become clear SHorHUA leb ws invest ate
the situation in a sormewhat more Qenercd Wod.

Thiermezze . The situabion we are in is as

follows . We want to prove So‘meﬂw‘\mg o? S\'IQFEL

[}\5 B‘i, but 5@?&?‘ we have CDh\\lj F:ro‘»feo\

lp = (A= B)l . for some p, e welve ‘or‘oved

[prB = pA’B]. This shows that we have

reached our goal if we can prove bokh
B>pl and [B=pl .

B Lhntermezzo-
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The TInktermezzo shows thot (ic) is ckay

Provided we can Prove

(=) Lx
@ [x

Thndeed we can. The va\i'd{{;5 op (z) s based
on the Vo.\‘udif:tj OP

() if [rx = x| then [*r‘}'x = xJ

X V':)VK;S] = [wr,;x = x] and

W

i

*]"/S/Sﬁ] =2 [-K'r";)( ax-}

which is a use{-\w( Properétj in 1tS own rf'ak{:/

and  the Va‘hdr‘{:j Oﬁ (3) dsliows ?r"am
pro P‘e"'J"j [*""z‘ sr = xr]. ( The detailed Prog?s
are left to the reader))

Now we have ﬁ'naﬂﬂ ComP}elre.d the Frocp op
theorem (ic) .

Waa\re, ’Mtl’ December (996

\AJ.H-J_" Faijeh
@.Jmi\’l. van Gosteren



