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Coricurrent Zi!ppi:);_ (—ror our j;',e.s)

dedicated to Jo[ﬂan L. Lulz"zu’-eh

When _;]-‘Ol’)ah Lukkien saw our Pro.l:)l-em
of "’ Col:acurr—cnk Ve cbor \A/rn'l:.'nﬁ"J lhe concocked
a Ynuc more (nkriguin regrammier exercise
wl’n'cl') l’lc éojveol 4'nj l’il'.aj O\L:h jwaﬂ, ——Flﬂg Purtau:.sc
of this noke 4is to é‘qow him & Purelj 'Forma,
derivation, rendered <n the j;ormo.(:‘:m ELML
wWe Q;JF*H\IG_J ['M.PPCH to be famil:’qr' w:’b‘m
(Dub we w{” ok ex‘o)a{n this 'Formq‘u‘sm Laere,)

X *
>

Thc COmPuLaLion Pr'or)er“ t"vab e ,blmr"l: we‘qu As
E’L)E l:wo - CD-mPOﬂeﬂE mu[kf‘:rcigrqm

given by
Tre: t=0 AJ-’—"O (,m pe N
- do ¢# N B d__p\j#N
-3 X«(:.':o — K\«j-‘-’ﬂ
3 cr= Lt _',Jn:zJ'i-"l
od ocl

Tost : ? (Vk-’(ﬁ.{),z<|\j: x.k = kmgd?)

A pproxi walior 0 ( = 5‘96‘ <y El Ce. Lx“a-r—,)

\ﬁ/e are a.sltc'c[_ to .f_‘:jncl-lrom‘z-e !:Lwe two comFOnenl:.s
Aucl—» El’m{- ‘ao_s(:conc(?l:'fov\ Tost will be
Esl:qH{.sLﬂc{.
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To that end we (:Lwose
YA : (V’Q even.k A k<c x~le~: 0 )- ,ancl
PB: (Vhi odd k ~ ko) xhet )

to become éﬂb’;am invariants. TI’)en l:lqe
Tt‘su“? Co”ow_s, (,r bo&l" Com‘oanen@z termirmake.

3 f:ﬂrnmc‘:ry we wi’” focus on Jubﬁ 'T)H, in
wﬁai-- (ollows.

Concition PR can on)_(j be violaked by
Ci=(+1 an A and by xjiz1 o B.

Re ‘Giziri. in A

(C‘: =+ l). “PA
{au':a:al-fku}:l‘on}

{(¢k: evernnk A k< X'Lrl))
.( prec“c:zl:c c«:\,cuiub }

A - (adc{.c" ~ x,(':o)

M

i

ﬂ'verefore, we T“eiua're

[2 odd.( ~ x.a‘:o} (o= U

e EJ..:.’.: in T3

(xji=1). PN
& {J oubside range of kR n 'Pﬁ}
PAr o~ (vdd.j v (gy) .

Therefore we require
{2 0ddj v ésj} xjo=
End Ke's

"ﬂnu:; we atrrive ek our rext qpproximaﬁfan, vit.
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Pre: (=0 /\J=9
A do ¢4+ N -
X.t:z 0
s {20dd.e v~ x.i=D, Note 0 }
(i= ¢+
od
B do j# N -
(? odd;j v c'sj, Notef}
XJ!:}
B EENEL
od
Inv: TA . {Yk: even-k ~ k<c: x"k=o)

ﬂ}o?ruxima bror

X 3
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Next e !:a.c:lzle l:lm: two remainl‘hj (c?uern’ec[)
asserlions.

w

Note 0 odd.¢ ~ x.620 im A

e  wen e e e b AW W e e mew e e W T e

L: correck -fram L‘qc Precec{{n_j X.(t= 0

G: (xj:=1). (edd.i v xi=0)
{aul:sl-fl:u':ion}

Hi

& { targel asserkion odd.¢c ~ %0=0 ;’l::elq
odd. ¢ ~ (4]

& { Ccs[culusi
odd. { ~ ¢:<J'

e 6%)‘;[9,5 our bar:ﬁc[: asserkion
waL, Co-asseckion
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odd.;. ~ L'<J' “
Note1 "od CLJ_ v i) in B
We decice Lo establish this asserkion
b_y rec;uernn-g il ko be a syskem

mvariank.l’

End of Notes .

Tlnu:.., we have arrived al

Pre: (=0 ~ j=0
ﬂ: c_LQ LJ’N“‘“
1= 0
{odcle.v xa"l)}{'? odd .t v ¢y, Nobco}
cr=t+i
oc|
8. @J#N—*
XJ'-'-’
g
od
Inv: PA - {Vk: even-k A kel x~}?=0>
e ’.?odd._j ~ (¢, Notel

Apprt)xirﬁa!:foﬂ 2

> F.3

F il’”.é (s N Tdklasﬂif» 71’76 C(éCi'.5I0?‘] vy Dr‘nl’.)(,‘-_&i“ﬁi [EE o Y SIS

|:>ecau:se c{i@unc{ ds_j fs an tnvariant o(q (5
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\We Jusl— Pr-oceed-
Mg& 0 “odd.{ ~ “J_m n A

w— A s e R e e e e

(:or“r’!?cé_‘ .1:3“3 \lJlnclehl"h_q

G
L.: b_lj Preﬂm‘nj sbaleyment x.0:20 4n A
with juarc{ea{ bk:'r-‘

i odd.¢ v ‘:{J- -3 ék(ls £

NOEE! IhVﬂl'llqﬁl. " Z: ﬂde v L.SJ(....“,.

— e e mmn wem s e M e M S e e o e e e e e e

Im{l:ia“_tj : 0‘1
‘T'e.e "(:.'=L‘+ f“ i /’:]
(c:=¢+1). 2

{éubs(‘ftulzmnl
oc{c[.J v (:<J'

H

& {a bit of ro\hc:ﬂ calculus
(vdd.¢ ~ (<) ~ (odd ) v 2
= {Cl{:@énl’(:r'or} Z}

(odd.¢ ~ <)) ~ Z
The Fivst C.orju.ncl: £s Pre—qsserbmn or

C:i=U 1. So. e are dore

Re "I"-'—-]&l“ ‘N B

Geejri)- £
= {buiz)al:n"{:ul:n'on}
QV?V‘I»J‘ A4 t.'swjfi i
& {Preda"cal:«e Qalculu‘;l
L$J+l
and we deeide t<jrt to be a by sktem

Armvar an k.

FF This meve 5 a lebele raL:E:és‘,sj—,A
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E.',’_’E[ of Nokes .

We summarize the aLamvc cle_sq'jné and add
a humber of ‘ouldenmkted " assertions i A

FUF c{emorwaferL"*'?j the invariance of ‘:S.Jiﬂ

/Pre: (=10 AJ=0

A: GLQ (+ N =
{evennd V(,'SJ}

if odd ¢ vic) = skip &

3 X'z {
o {odd.¢ ~ x.i:—o‘}{eddmi v dg‘}
{ceg ]
(:'.: CH
{Q.veﬂ,l: ~ LSJ | [aca\”__tj -Fc'”owl‘hf} C“Lw-:

Pr{’*asserh‘on OC{J‘L. ' L'<J" }

od
1 q[_gJ#N -2
x._j:-*i
3 J!'=_j+}

Inv: PA . (ke e\ren..’fz ~ ke x.krﬂ) 5
Z+ eddj v (s

L'sJ'+ I, see below

.

AP]OI“Oxih-m{:eow, 3

The ouldented asserkions are a” \9]0&9&”5 correck
— \A/idem'hj - Their loc.al correctrness 4s Tec\o(iiﬂ
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le:a‘c)lfs"'leal~ T\ne invarignce or

£$J+|
Fo”owﬁ From Pre~a:.:>er[=fon

f:SJ Gr Cr= 41

4 *
»

Hha”5 we bave to L‘mndle B the
other o una’ Lajei fnvariank .
this s Bﬂane ab ohce |c_g re{o‘am

the cpuaclrura‘e_ ((:J_J'A odd, w:flﬂj O ¢, evenr, 1) .

TL‘)C’ f‘ﬁa! Mﬂahﬂokql:{'c{ VErS oM T'“?clclfh

B.B 63m mekbry,

Tre: (=0 A J=10

A: dD L*‘V 3
i_f odd. ¢ ~ (.'<J -3 {5"2!'}7 _G

3 X.C:= 0
AR

od
{{3: ’TLN R
|F Qver'rJ vJ<L -3 ;;lq la E,
> XJ:=
3 '::':_jf'
i
Tost (Vj{ <k = k mo 2)
Sdiufrrom
e *
x

Do bok"» CQmPonehE; Lerminrabe ? ’\que_”lj clo,

be Cause
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e there is no clam_Ser for the bwo
Comporents to gek stuck bimullzqheouéjg

i tlnefr‘jb\ardec{ _/:.kir);-,

odd.t ~ ¢<j v even v j<¢
{algebra}

C%J v odd.( vever‘:J
{ mUC‘[Er’H Qbfbf%}

Erue .

il

il

. thus ab least one component termirialbes
Aks \"EFB’.'.‘I' Eior. Let thais be A . Ther the
stake éc{Ef.sﬂ'cs (=N 50 &La& E\“lejuqrcl
i B ﬁuar"c{ecl éki'r) equ.;‘va,e; bru-e

X x
*

\We tL‘n’nl’: El’"lﬂ!’
Jolﬂan's Proiolem s q !’H'C'e_, LDME Hof:

a i:ra’viql ore

\/\(H:l": our asserbion -driver yme Lx'-:ocl

for deriva‘hj mu‘&{‘orgrﬂms, we Cawvimol
do wuch  shorter, crisper, or bektter
tharn whal has been recorded Ehis
roke

W I-LT. F'e\nj{’n
AJ.M van Gasteren
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