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The Joy of Formula l%o\n{pula(:fon

dedicated Eto PFOQ dr. Ec[_siger' \/\/ (D\;ﬂ&:_‘ﬂ:-r*cL
avry !:‘ne oCCa S5iov c}r ‘m',.s ?Olzlﬂ bl'l"l:[f)clq_g
ondfor his rekirement

T walhemaltical C‘l’rclas, there «s the
overa,” OP;‘m:‘oh f:l’ml: [or*mu[ae, L E‘ﬂ{‘f}"'
Capacr'égj of éjm&ac[—fc .MW!B, are dead (‘.'LH'Hj_s,
and thal for‘mula manipulabion tears the
lieart oul cr mal:lﬂema"!:fc.sn In !:lneje Cr”rc[ej,
-cormujae {ar_‘jwel_g ive 133 ‘virbue 0{: whal;
l:lne‘g stand -Cor, OF WL)GL[: E:L‘le_cj rrear of
ow (:"7\‘5_!5 fe{:l and aPPeaj ko our 4nturtion
— our? L'nl:u:‘l::'@h? . And their meam'mjﬁ
i:[’)en tell wi’u'c[’w ﬁormulae to conasrder rexk.
Poor Le;“bm’e, lac:or' La}ﬁr’ar—lﬁe, oor ’Boo]e,
r)oar Hr“oeré, and a” OH’J'EF'S wEo élm'wrbed
their attention towards mninkterpreked
Formulae mah{‘rsulc\{-iah: t,ﬂe_y wWere all wrong,
weren 't E:lﬂgg? Ob, and Poor we,
Ediﬁer W. Dj'ks&re and a” ‘:lfwse programimers
WI’)O COi’lverEEC{_ l:['mm.scjve-s to 'FOr'mtA ad
manir)ulalzorsl because their Proﬂassf'om
demanded (t.

(TH:'; cuc‘(:uraljaso 4V C(O!'hj mal:loema‘:a'cs
WaAs 0nce e:xr)resscd @uﬂ;c apl:[g by :kaﬂra
when he rermarked: " Tk hou van wiskunde,
ynaar spaar ime de makhematen .’ ("I love
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\malzlqe\fnal'ic.s, j:)u.l- Ll:’:& El"le Vhaf:héma[:fc:fah.s
I cannot zsl:amc[.“] )

\A/e”, our ‘arore:,:,iom of pr"ojr"ammirzg
dermanded a conscious and active engage-
ment An rormu’a. manflau.‘ah'on and
l:lner“e(or‘e we entered (:l"a(: fie’c’ o(. ehdeqvou.r"_;
arnd we learmed —even far beyond our
expectakions— how mighty and goowerfu.’.,
liow prosperous and eﬂﬁecl:fve, and how
indicative of de.:»iﬁhs'n_g this c!narzje L
atbrtude turned out to be, wnot only for
the benelit of programming, but {or vast
Parf:.:- of mathematics as well. Al
rmoreover, we learmed Lo eHJ'o_y the
ackivity

In El'n'.s rmoke we l:r;t_.j Lo Convey E‘v-e
efFecl:fvemas.s amd‘)o_tj 0( ror‘mula maoari ~
‘ou]ab{on [:L:roujla a small number of
m’mr)’e ex.amioie.s from bol:‘n ma!:lf;emql:a’c.s
arcl \orojrammf@_g .

0. ].—Hl:roduc(nﬁ Floor and Ce{iu'\rlq

In a htjl’l!_!:j r’e::laec.éal:\’e book on
Concrete Mathemalics [GK’P?#J, we Can
Crrmd an entire C[’IGPECF" devobted to the
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sbtandard \maf:[')emaf:(ca[ Puhc‘:!'on.s LJ (ﬂoor)
and r] (Cef[fh_s)- The clqo.y:l:er“ be_gt'n_s with a
(:L:rfe.-{oaje_ tnkroduckion a( (:1’)6 _runc[:{'on..s,
blzal:t"mj and Pr“ov;'n their most Prominehé
Properéfe_s, ond then «F Proceed_: with an
;.'mFres:aive amownt of aFPfr"cal::'ons (OF
over l:l’u‘r'l:_g Pajeﬁj. 'que. {:I’H"eeml@a e
introduction concludes with the Cf”c:wa'nj
passage, g wL-u'cL; x is real and 0 4>

A'nkejer:
"x<n o Ixl<n, @
n<x & n<lix], (b (3.7)
xgn <« [xlsrm, ()

nsx & ns<lx). (d)
These rules are eabf_f_g P)"O\/fc{. []

Tt would be mice +f the four rules <n (3.3)
were a5 easy to remember as the_g are kto

prove. - J7.°

The passage fee[:: as 1:-( t:l're auél’mr"s,
(:Lnou_gln )Cq[‘_q aware of the A'm}oorkamce ol
the 'ru[es, OHI_(j let them 4n as an alker-
{:Inoujlqﬁ, since, aio[aar*ent—]_g, E{neﬁ are 50
du”fpt'eu“: to rewaemloer O.ncl., Ei’léf’&(oi"e, %0
difficalt to mse . The bt,i_c}ﬁe_slza'on AS,
however, unfortumate &aince rules 3.1.d)
arid (3?(1) Carm ob6Lrve a5 @ [:JEQME(”{MJ
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bl:ar(:fnj Poa’mé Lo mncover a” Pr‘oper’:t‘u
OC ﬂoor ancl Ce'"((kﬁ s A5 we .c:si'ua” demon -
&strate next.

» E
]

Furnckions L] and [ are each of
l:_l_,”oe_ R = Z (rec\l o «nte er’)_, and
bj dtpn’rn'[-ron l:l‘ve_tﬂ é:a.(rr_s{?i
(va) n< LxJ
(o b) xX]lsm = xsgn,

for meZ K xeR

These are the aforevnentioned rules (3.7.d)
and (3.7.¢) respecku'vefg. The other two

rules n (3.?) emerge b_tj J'u.sé h{ﬂa‘:(ng
bolr)'n Lides 0( the above ecpu:“vQ[emcebt

<X

m

(16 lx]<n = X<
(1b) n<x] = n<x

Of (va) and (ob) , we only need Feemly
ﬂrmember’ one, &lnce the ol:l—;er' Ls  khe

dual (w{”q < and 2 4‘w£-frc£1aklﬂec(),
Remark Rules (o) are examp!e.:: of s0-

called Ga’oi.ﬁ-—connecl:l'omﬁ: (o:* Parl:ra’
orders ¢ and & , functions [ and g
of the aP‘oroFr‘l"aEa types are "Galeis - con.




WF 268 - 4

necked” wherever

(x<y = xeg3.y (Mxy) -

Ga[oﬁ_s-conhec:h'oms a}:)ound e makhemqlz{cs,
and il was R.C. Backhouse who 451::’0@[5

advocated Etherr dm]oort-amce :

End of Kermark.

Th whal Collows, we tmain]_tj focus on L.
T order ko reassure the reader that
(0a) Lndeed Ca‘o':ure.s the traditional floor,
W show that il 4.'smplie_s (:[ne E:r'ac:[((:s"ona[
dept"m{L-:{Om

Lxl A5 Llnejre*a[:csaé A"nl:e_ger

thal s al wost x ",

W(ﬂt'clﬂ —rendered Forma”g-—- A
() (Vﬂ: nex : ng Lx) ) arel
oy xl e x

() 4s Jujl: one ‘ﬂalr OF (Ua,_)_, vie. the
A.‘mplic.ala'om from rgﬁ%é Eo !efE;

((c) Collows from (0a) trstankiatec
with = Lx]

The reader may c‘n?c)rt i:‘ma@, the olzlnerj way
around, (ba) Collows from () and ().
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In ,f;Pi(:e OF EL)e eq/ul'valence belbween (Oa)
and  the jpoir (c'_,c'c'), the jreaf:e:" bl'mr)jl”-
ciby of (0a) should nol be ignored Lightly.
Thanks to «ks succinct and vigorous é-lf?a]ae,
it offers strong bgu.i'c{ance in the arrangement
anrd deﬁijﬂ o( Calculakfows. \~Je {:‘na”
demonstrate this l:lfnr‘()u_glo a rumber op

Qx’am‘a]eb )

* b
03

(2) L] <5 a Contracting c[o::ur‘e_J (e

Xy Lx) < x 7 L1 us ConErc‘cL"f'n_g ,
(lb) Lx] < I_BJ ZJ (-] monokonic .
& X3y

(ac) LLx)) = | x] % -] is 1.-c{em‘oof:emé.

e (14) Follows from (0a) with ne=[x]

- — -

Re (2b)  IxJ < Lly]
= [ (0a) with n, x: = Lxd, y}
Lx)] < y
& [(2a) and
transi bivity of < }
X<y
Re (1c) o LixJl « Lxl, bince L) o

Conkrac El'ng 3
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Lx) s LLxd) | from (0a) wikh
n, X = LXJ,. LX_J .‘

End of RRe’s .

’Q{mark For sowmeone w‘qo ‘ma‘apemfp ko
lkrnow thad ‘oroper&g

i

[(x <y fx < fy (\Wx.y)

Cap’:ur‘esv baat [ {5 a Con{rac&z'm_q C[osur’e',
the Proof of (2) 4s _J'u_sl: a walk- over :

Lxl<y = Lx]<lyl

is (0a) with r,x:=1x], y
Ehd or ?emar)?.

» *
»®

(%) Nn=LXxl = pmegx A x<r+d

>

shown as f[ollows:

ns Lx] Ix] < m

{({}a)} { (ntegers}
ng % Lxl < nt

{(1a) with n:= hH}

X < rn+i

n
M

bE]

and viow comJ'm'n E}ne kwo zskab'{:\neol
eciumivalf'nce,sa

e Al
»*
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(4) lx+nl = Lx] + o

\Je Pr‘overl:lm"_s by an amoeal ko the )
fo”owfrig Tule of indirect EC}MM{Eg :

c=d = (Mm: msc = msd ).
\/\/l'l:l’) c,d:: \_><+I’LJ, LX_|+ N we ELm:

Obser’ve l:l’)aL -Cor* any L'nlzgﬁer' v

m < Lx +n)

{ (00}
'm £ X + 1M
{abebrc\}
m-+n s X

L (0a)}

-~ ) S l.XJ
{. al_gabra}
m < Lx] + o

Remarks
a. The appea‘ to Elne "ruie of vndirect
ecyua,(f:y is ot a rabbit Pu”{’c[ oub of
the moiﬂl'c brat (:Ine 'ruje beJorLc[.s o
the standard reperkoire of the c:afcu]a.t-;'rjj
mathemabician
b. The other ru)e of tndirect et}uqls'k_g
reads

c=d = (\/m:: C<m = dSl’h>J
but we used the above onre because
the :(:Y’lecpua.ls'l:ltej n «b b0 Hn’ceLL; match

1]

il

i

n
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the ine%ualrh‘eb 4N (oa) .

¢. The above proof ‘s of the type "ELvere
Aa Hardl_tj aﬂﬂf:h{'ﬂj else You can do“»
This A largal caused !::_5 the C.om‘oeL
(.l'mj olﬂa.iae. o(j(aa) \»Jlm'c:l-; ‘.eo\.\/e; AS we"l:lq

wilbh hm’d(ﬁ any mam'lau[él:ive Fr'eedovnm
End of Remarks.

> >
S

(5)  LIxJ+Lly) s Lx+y]

This can be shown i a variekby op
C.owapcl:u’nj ways .

a. By an amaea,l to the fo”owa'nj rule
Of (rdirect L'hecvu{aiflsﬂﬂ:

cgd = (Mm: msc 55 med) .

\A/{&l') C, d:= Wxd+lyl, Lx+tyl wve thus
observe that {or any L'hlz?je{" v

m ¢ [ x+yl
< {pw)
v € X +~'9

& { L] o r:ontr’acl:s"hj}
m < LxJ+ Lyl .

b. Or wmore CUY"?CL'!H: as ‘foUowﬁz
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Lx)+« Lyl < Lx+yl
. {w)
Ix |+ :"HJ; }m—_g
= {a ebra
Lx] \(;9 ~ lyl<y |
{LJ £ Cohbrac:l:t"n_g}
Erue .

]

C. [Ekcelera .

** ¥
»*

(8 For oex, LNLsJJ = [Vx]
The Proaf L5 b_(j tndirect eiua‘:"ég,

For any t’nbf_cjer- m, 0¢m , awnd por
any X , 0<X, we observe

m < L\/mJ
{(va)}
m < VIxJ
{ ajebr“a’, Msing 9_<.m}
m?s [ x)
{(va)}
mt g X |
ai ebr‘a, MSin 0<m QHC{ 0<Xx
o .

(0a)]
m {s [Vx]

M

3

m

M

il
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'Remar[« ./B__y reskrickin ourzselva; ko
the wmse of (0a), the three atopeafzﬂ to
<t en the above Ca[culabl'or) are Pref:E_g
recdictable and unavordable, since (6)
itsell cormlborns (:L:r'fe drsbivact refer*emce.s

ko Funch‘on LJ
@Q of Remark.

. e’
L

(?) This s a ci(ueb(:i'on_ For o, p elR,
lhow many Alnl:e;ger.:u are conkarrned (n

the Ewo- sided open interval - A) ?

The answer (> (fn:: oLt<n An<p),
ond let ms mow man{PuiaEe the berm

o( this quanh(l‘tc{ axPresm'on'-

A< A NX

{(m) with x::e’(}
(lsrm A 1<

{(fbj wikh x::ﬁ}
Lcl<n ~ <[]

{inte ers}
lxl+tsmn ~ n<[p],

and sirnce both lel and rﬁﬂ are

/L‘nkgﬁer‘, the answer ¢=

(AT ~ L = 1) max 0

e »
x

m

!

i
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And lqer"ewafLJ w/e Conclude aur )Cnl:roc[uc[—fon
to L) amd [, which was based on
Gaiorf_s- Corineckions (0) Onl_y. Most of (:[qe
ex.am‘ol-e.s were taken from [GKPIL], which
contains a wealth of adcl:'ln‘ona] mchm‘c\.f,

fn'é For the kind oc Ca,[CuiaEfoena]jame,s
we chwe joeen [p[a\tjfnj \f)%:f‘tfn

. DO and The Irnvariance Theorewm

I a hg"tb T'e,specf:able book om
/Pr“ecl(caf:e Ca!Cu.lu..s and /Program \C)emanh”c_s
EfDS ‘fO], we can —gt'r}c{ o “Enlrs'r‘e CLvar;(;er
devoted to the semanbics of the repebibive
comnstruct, The heart o( !:lne c:[aa.‘al:e\f-
Conbains a Proof of the “Main ’ﬁ'epel—.—f(:t'on
T]f?eorem\:, lbetler known as Ihe [nhvariance
Ts’?eor‘em for E{ne r*epel:ff:fon.. "ﬂoe Pt’oor
extends, rot including the preparaktory
work, over ﬂearlﬁ our IPages- And they
the kext proc:eed,a w(d’; El")& Fo”ow{m_g |passage:

" The Main ’R?e{ae!:rl:{on Theorem inwvolves
well< Founded seks because it deals with
wF.fDO s which Capture_s _guarahkeed terme ~
nation of the *re[oeL{’h'on. Sctnce w(P.DO
s not comcerned with __guar'ah[:eed kterm¢ —
nation, we may expect wlp.fDO to be
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/;.l'm;o’er Eo deaJ with E‘ﬂan w‘o.:DO T

The Pa5ﬁaﬁe Cee!_s as A'f i:%e aud-mrs,
ot Ci,u.t'fe lﬂq'or)ﬂ W(E[ﬂ EL‘:E’ T"elalze'\/e [emﬁéh
of their Proof, will rext address Ehe

Invariance —ﬂﬂeor'em 4 EL‘)E Wlia—» semankics.
Quod non, and Yence this [ittle section.

»

\We consaider program Do 3iven b__t,r
DO = doTB -5 5 od .

From our Osoera‘::’ona’ Mhdzrﬁ{and{nj or
a repc(::‘h'om, we know how to unfold (t,
and 4n C‘!Ot'hj b0 once, we fc'hc{ thal

DO = I__F "iB —3 blﬂfia
I B - S5; Do
ki

"

Bﬁ Lediom“z and Eg’lc M,::ua_l W‘P-—éeman[:l'c_s

(Or l:\'ve LF—~ él:a‘:emeﬂl: ahc{. Elﬁe Com‘oos{éfonJ
we conclude

[ wlP.ﬂDO.’R

Hence, W‘P.QO«”R' solves e?ual:u‘on
X: [X = (BvR) ~ (+Bv wlp.5.X) 1.

)
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Because ws\o.s is wnorokonic, (:Lze riq‘n!:
\’)amd side Of ‘:!ﬂlnb {quah'on is vronoktonic

(£ X) as well, and therefore the

equakbion has exlrerme solubions.

Bj dafin(&fon, W‘PDOR is Abks weakest

psolubion. B,B Knosker- Tarskr, w‘p@O.’R

L\aerefor'e EHJo_q; the Fo”ow:’nj ex(:rewwfﬁ:g

\oroper‘(:gr |

(VX:: [X =) (Bv?) ~ (*133\/ w‘PSX)}
=

*) { X =) wlto.fDO.’RJ > '

Now, leb us mamf\oulake the Ekerm?’
antecedent with the purpose of disentan-

3(i'nj b
[>< = (13 \/T\?) ~ ("133\/ w]PSX}]
{(X‘—-)) and '] over /\.}

[X =) CBV/R] A [_x =DV wsto-,g.)(]
{éhuwhx'nﬁ}

[X/\ '1B '*'—)RJ -~ [X/\B =) W!PSX]

Nnd this latter ex}ore:u:;e'on L5 wuite
reminiscent 0( the (ntimate rejakfon.skz"r;
bebween wj‘o s and Hoare- l:ri‘[ole_s :

(P1S{a} = [PoupSQ)
Bﬁ the above CQICM\QEI'OY‘I, extr—em{fzﬁ

"y

HY]
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Pror)erl—g (x) rendered in Hoare - (:rl')olf

{ormat reads:

(\/X:r [XA‘IB"’-‘")RJ ~ {XAB}S{X}

T;} Do {R} ).

or, An EL?E trac[([:{ohal Jcorma-l. Of an

snference ru’e,

(X ~aB 2R], {X~B}.S{X]
{X} Do (R},
Cﬂﬁ Hoarc ® famou:. -ﬂmeorem of

lnvariance.

x x
o

F\ few ﬁ'na’ Temar[Q_s are 4in or—derﬂ

v f?ﬂ def:'m'l:c'on, \Nrp-:DO»T\7 is ke b!:rochsé-
/_‘:o{ul:{“on of L‘L»e Eci,umf::'cm of w!m'cL;
WIP,QO-’R ‘s e weakest solubion. «”’fe
demonstrandum on l:lne Thvarrance —ﬂﬂeor?m

s {X}DOAR), or rather
| X = w[[}‘o-:DO.’RJJ

and from this we see thal there 45 o

use for the extremity Pr*or}er'(y of
wPDO,’R, which s a bl:rongf__s} solution .

L

And dmdeedJ A ’orov(mj (:ioe_ Invariance
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Theorem, [3570] Oh’_g uses ELml: wP.BO.’K
éc_:‘vej EL;e ejua‘:mn" Ih our W‘P" conkext

L —

we OHI_(:; used the extErem:’fy rOFer[yJ
and this diffence mglﬂé be Eoocl for ﬁurlzher‘

H’loujiﬂb
. Ore ma]'_g wWorder i?_y whal bernd op

tradibional mathematical rntuikion
could become a parent that the exktremily
Pror::{rkj chr wr\o. Do . R ecpuu'vale,s the
Theorem of Invariance ( in zstcu'l:c of bhe
gacl: l:‘ﬂox’: k‘fh’: -)Cormaf CalCulﬂaE}'on {5 50

T“emolr‘kalolj ét'msrajf),
e The ba’mloin‘cfl.-ﬁ wf&‘n w‘m'c_‘q the

Ihvar':'amcc_ TLIEOFQYH grmerqges JCr‘om &(m:
delinibion of w[ra..@() casts doubks on
EL’ve adfqrutac—g '01[ El’)c Cor’lcer;[: WP

And <ndeed, alss in ever daﬂ practice,
“the programmer almost a,—\?\/aﬂ,& chooses s
variant func(:f'om o start w;"é[qa ard only
ther will he be bothered by <nvarrances,
El’m_s fu”_lj é&}aar—abl'n]j t[’;e Concerns of

progress and ;oarl:r'a Cotrreckiness .
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7. ‘Reconsidering the Tinary Search

Tt was 4n the wnid 14705 , when
E'd._bjer W. Dikstra —ab the Eime lneaw"l_g
ana_gec{ i Bre formal derivation of programs —
designed the ‘wlbimate” Binary Search
program. For given Lm#_ejer X and
aﬁcend:'@j integer array AlD--N1, sakis-

F_th'ﬂj
(0)  AfpJs X A~ X<AINT,

e de:»igmed a program to establish
(1) Alcls X ~ X< Afdei]

(w:'l:[n 4"hC[:'C€> wt’lan'm (:\’IE array bound_s),,
w:’thpu{ an QV’P‘MJ o the aﬁcencl:'r_ajnes.s

o v a— —— — Ao q2a

OC A This lodber or'operly cmly erterecl
the ru'cl:ur"e fn Conc udt'hj, from (1)
alone, the absence of value X in

array A . Twenky - (ive years later, e
revisited E"le c{esign w((:L; E‘ne {nkention
to be even mor’e\axP[Ecr"E aboul the design
Considerations [E\,\LU{ZQ,S_J”

ﬁD_tj\’e:;Era'»s program vs “ulbimate” dn Ehe
&Hense l:{'ml: I:He. gl’ﬂ()\ﬁ”ﬁ ._Searclﬂ 4:&5&[‘(' L5
absolukeb tndependent of the ascendingress
of the af"ra_g, a {act that wp ko Ehis very
daj Fjabbel:ﬁabb or even confuses wmost
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audiences, because kk’)eﬁ were l:meLwé-

of:loerw:'.se“

L

TL")ere L5 however a ‘E'H:‘e rmore to be said
aboul the G‘.{ﬁom"“’?m, and this becornes
aPquem«L when we abstract a Icktle from

e éPECI'C!'Qﬁ of (0) and (1). et £

be some b(natg rela(:fcn 0 Lmke;ﬂer:a,
such !:Lw\[:, for c<d, condition

(1) ¢ £d

AS ba{:(_sfc‘eclq Our’ ?oa.l A5 to E&Plore
ow M5 ko conclude

circurmstarnces that al
the exristence of some ¢,
/bo»l:fs{gcqu

(5  ( Z (o)

This <s ajeneralizaf:ion Of @le’(_ﬁkaé
ort\'ﬁt’ha‘ Prcb‘em Jndeed - \N{l:iv £ de@'r-red

a5

c<c ~ Ctr12d,

2 Zc}, = Aflpls X ~ X< Alg],

(0)
()

i

OZN , and
¢ £ (dv1) .

n

Without wmc% ado , we Now Give the
PrOjr‘am that a.ﬁl:able'_:a%e_s (3} on E[ﬂe
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Prem(se 0( (Q) S the EECLlnicotjiLt'E’_s loel'h_g
(.ﬂr:ge]_lj the same as in Ditkskra’s Oriﬂt“hal
df_SlL'jr} (armd besides: eas:'\’JB checked by

the reader).

fe<d}{c 2d]
(,j:=c,d
s {anve Po A Pr}{vl j-d}
de j# st —
((er<g} hes (cv]) div 2
s {cche) {2, from P}
[hZj —c¢=h
L ¢ 2h - j:=h
(.

od
(Pt~ j=crt, heace ¢ Z (ce1) }
whiere
Tp - csc'/\n'g' ~ jsd
T ¢ £

The OH_f__&j diflererice wibth Dj}«ﬁqui‘»

Pr’Ojra.m (s that we riow have Eo be
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concerned aboul the absence of aborkion
A the. ffwclauﬁe CWLu'c[a A5 for free 4n

ij"k,s{:rc\"a 5 ec:'a.) case) . There is no
davnger of abortion .(f in the cnikial state
of !f—;e. - statement ab least one of the

juarc{p (s brue, e
¢ £ b ~ h £

Sthce we know Hobi’rl'ri_f, about Z . Ehis
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