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On compuking a lonqe_st Pa!:‘n iv1_a kree

by
The Eindlhoven "T\:(e,ﬁc(aj Aflterrnoon C’ul:af

Given a ﬁmﬁe tree WIH’I a” edges L‘mvfn_g
positive [e"lﬁ”") we wish Eo COMP(;?E a lenje.sé
]Oal:h- This can be done Mﬁl‘ﬂj EL}E‘ Fo“ovuu'rlg
rocedure, which was (nvented by

Ecl;jer W Dj[«.skra around the 19bos .

We build o Playsn'cal model of the tree by
c:omnech'nj cackh wvair of aCUaCenE nodes bj a
‘oiece or strinm ofj the j(ven eclje [enj‘:l’). N ow
we Pfc‘rz. up Ene p'rws(cd tree at an arbitrary
node L, let dae Conkraplion Lmnj cown,
and delermine a deepest rode X 7 Then we
‘0{ck ulo E‘rve tree at X and determime a
deepesi node Y . The claim 45 thal the P“‘d?
between X and Y 4s a IOW_ge_sE laad—-: N
the tree .

To the best of our know}ecije, we have never
LHeenn QG Formal ‘oron(\ of L—Ln'_s cfm’m, and Eine
purprese of this roke s to Provic(e one .
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We [irst introduce some nomenclakure

and mnotation, and jive Soyne e}cmErz{c\r-_g
Fro]oeri:ies.

« A tree provides a Mnicpqe, (shortest «n

Humber o( ecljes) COF)Y?@C!‘:IHOV} for eac{n
air of rodes: we reler ko dnis cormneckion

Tt')e lerpjdn o( the Paf:lo betweern viodes w
and A «s denoted b A i £s the
SUm OF E\nc [Chjt’&’tﬁ Of‘ tl'ne ec{je,ﬁ ol l:l';e
Pa&lq .

For all modes M, 10 : MW = WA

As a sbhorthand we mse the ‘ol')rq_se
" on N éf.anc{{nj for  "rode m s .
G !:lf)c Pc.(:L) Connecku"nj viodes & and W .

For all modes m, 4, and W, we bhave
AL M € Mm + mw , aned

A= ¢ o AW

-
—

MM = m + mar

(In as  we mse thalt all edqges have
'nanneqal:ive [enj‘:%; for A= we need
t‘na!: all L!?I’)_S’:L)b are Posi[:;‘ve )

So yrtach for our Prelim[mar;’es,

* >
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Tm E{ne rollowing ym, U, W, 2 range over
arl_—;{trar_g rodes, \:JL'ler"ea:) U, X, Y are the
A cc;C»’c modes menkioned v the Procedurf,
T‘Eyc Proceclm'e carn be summarized by thye
cc”owimj Pr‘alawbie_s of WU, X, and ¥:

()  (Vz: Uz UX)
(1) (Ve:: Xz s XY ) .

and the claim s

(Vo ww s XY )

\We mow c{e:n;an a Caiculakioha] Froo;(-,
m&er_s]oeracc( wilth some heuriskic remarks .
For any M, W we have

pw ¢ XY
& { there 45 ol much else we

Can do O.Pc:rl: from msing (1)
ad i:[qc f::!"ah:n"l:ﬁ"\lf"{:ﬁ Orj<'

(dz:: v s Xz )
& {&'Y'I ?:'nc[e'h wiknesses, Elﬂ{'re
Gre 0"“’3 Igu've_ Adenkified wodes
QVai‘]al:>|€, viz. A, W, U, X, and
N o of ELﬂ-’Sf, X mal'zes riec S€vise
and \( L5 aBSOr‘acd b_g the

dermornstrancum }
v < X~ v Xw v o< XU
& {d‘: L5 CI'MH:{ Mh‘(k-ﬁ’lﬁ that cl;'"?juncl
wwr < XU could Posse"BLg conkribule
ko the valic{;'(:_tj of this exr:ression:
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node U s qrb:'ér‘arj and Uw
could be the &V}jkh of & lormjebi PRL.L,}

0¢) v < X o~ s Xw .
And here we are (eﬂ w:‘L’n avi exPres,sc'ow l:[fmé

£s symmebric in v and W, 5o that we
Can O-C(OF"CL to f()(’uwﬁ o orme C{I_?Juncé Onl(j .

Nore of our givens (0) and (1) apply te
ows X, and Tus we fall short of 1

mam'r)ula&.'ve Creec{om, Addf!:fona’ pl”eec{om
A5 Msua”j shtained —‘Dj qu—amelzr'{aaLﬂ'ow., avid
it (s here thatk A% and 4= (rorm our
[(Lbtfe "l:‘neor;g of trees  Cowme in Lm.nd_g,

sirce these can inbtroduce vew rodes . B_y
O‘PPL‘JMj Ag ko A and a= to Xu

= the [2ast commkttin C.L;o{ce {or Atr'enjkhem'nj
v € X V -, we obiGin '

pw s Xur
= {x‘n[-roéucf:!or) 0[ nodes m and n,

w"moan}
AMm + mawr < X + no

Bub if we have to ‘oroceed. gr'om here, we
had beblber decide on m=n , because the
terms Am ard, na- l‘.hen caﬂce( .

\A/;'l-L, EL;ese consideralbions (n mind,
owr Caltuja&(on Comkivives Qs fo”owsr

/: o {s ko fae rﬁac{ RS 7 'bh l‘:‘ne \oremrsbe l:i’)c\[r“
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wwr < Xur
& {Ae.f on AW, M.bfhj hr"qn:;ikiv(kg o-( <
A= on X,
® 1 on X:U»
vm + man < Xm o+ mu
{ a‘jcbr*a_, Msirg  Arm =mv}

nl

may < Xvn
{ Ankroduckion of u__, |f1eacl«'hj
for (O),wh:’c‘q lhas nok been
Jsed 52&}

n

Um + mw ¢ Xm + mU
& { AL on rgh&lﬂand side
A= on lefthand side,
e m on U }

Uw ¢ XU
& {(0) with zi=w}

Erue

fomt
3

Summary, We ebkalolis")eci

MM < X1z
&«
<3m:: (m on XU,) ~ (m on Uw) > ¥

’8_5 6gmmel:r"_lj bekween v and w, we bhave
for ke okher C“.SJ’u,nc‘: of (x )

v s Xwr
&=
<3m:'. (m o Xw) ~ (m on U'U) >
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So (x) and lence the theorem las been
Proved whenever we can reiy on

(Jm: (m on Xw) ~ (m on Uw) )
y
<3m (m o er) ~ (Vh o uU) >_‘

and 4t &so lfmtopen:; that this 15 an instance
of the je\neral rJrorJerE_g 0( Erees that

FOr all nodes A, 3, C,D of a tree,
<3m'.:(m on AB) ~ (m 6n CD))

ém:: (m on AD) ~ (m on CB)) ,

Q Y)roper“f:ﬂ to be added to our [ittle "f:‘neory
of trees” (and to be shown by the reader ) .

»* *
*

que ca!c.u[al:n'ow [proper consisks o( er'glqk sm—m”
CC\:[C(«LIG{TIHO\’} Ahep,s_ and aParE \fr"o\rn E_[nem
e.xlafc,‘bal:ion of the /b\?mmebry between v and w,
there 45 no case ana_(jsi,:a iavolved . Nevertheless
it book ms a very [onj tirme to arrive al l:lqe
afoove anjumenlz'n Il: WGs Ohjf, aftex" we bam’.s‘neo[
the use of Pickul'e.sn, both on the blackboard
and n our minds, that our de.s{_gm starbed to
converge to the above ome. And it was onf_(j
then EE'ME it becarne clear w[m'clq [ettle "Ei’;wry
of trees” had ko éu]oloork the solution ko the

oroblem Pr"c;r.:er'_ L was l:‘m',s ée‘am—ah'on {:L'm[:
drd l:[ne J'o )
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How oftern do we sbtill need to tell each

other "avoid L'w}:err:r'ﬁf:ah'ona\[ tl’louigl’d and the
wmse of pictures like the Pfajue“? \/\/I’Jj do we
éf:fH Caﬁ ko l:lm'_& t\"ar) A0 O(f:'f’h? nio‘oarer—;lsjy
we have not yet freed ourselves fsu(’f;'*c;me[&, well
from our Eraol:“h'orm} kalqemaEfca) educakbion.
\,\/H;[qoué ouUur Ca’cu.’a‘:ional 6‘:‘_!5}{3 we wou'd rnever
have arrived at the above dmijn_, i w{m'c(q the
a(jom'dnm’s Ew o A'v—ljrec{{enb.s (0} amd (1)

ha\re l’)een AA.SEC‘ €X&CU_3 oviCe .

For the ETAC,

\a\/.HJ” I':é\jer)
15 November 2000



