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Exploiting u\n{\/er_sal (unckivity
T 7 - -

We comsider a latlice with loar[:t'al order
§ ., and 4n which all Auprema and tnfima
exist Two endofunchtions F and g
are éo-ca”ec{ quOl’ﬁ—COmnecEed wlﬂeme\/er

<\/x,_g:: CXS_L] = Xs_g._9>3

.(-u.nc:(:ion _9 45 ca“ecl r'é M\al:ver* acUo{nf ancl
(unckion [ 4s called _9'5 lower ﬂCUOl'?"']é’\

[ s very well-lrnown that f{or such func-
tiors ( Qr‘)d_g s r diskributes owver
arbitrary suprema - [ 4s mniversally
f—-JuncL-fvem and that 9 distributes
over ar'lt)(l:r*ar:j infiema -9 s Mma’Vfrsalfy
i -Julracfrf\/e- .

It s also we“wlqmowm that £ dEOJa'n_g
with asuch GAWC&(’OY’L&, bods a)wwg. a 30051

fdea ko write downr E’ﬂe A0 - c:a“ed
cancellabion rules

(\/xw X < g(rx)} and
My L@gyscy ).

Furtherrmore there 4s the theorem that
Q Mm:'ver’.s::a”_g T*JU.V)C‘:S'\/C {funckion has
an  uppEer Galous Ooc(jOL'V)l‘) and that o
mniversally l-J'uncL-:‘ve {unction has «
lower Galers adjoint . uv;for'f:una&e}_gj tlars
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(—.’neorem seerns ko reside too muc[—y 1) l:L)c
bacfa.s o( our minds, \«\{Ll'?.\"?ﬂ.ﬁ i the
€f€mem(:qiy L[’!eorﬁ o( Goalois - cornviecktions
it z::.lfwuld, we thimk, be treated as a
fi"rsk-claﬁj Ct'ér'zf’n. Tl’ie. )ourr)o:pe of (:[m‘,s
rioke 4s Lo Crealbe evidenrce for this

* X
*

We shall [orove thre Co”ow:‘mj the orem

Crom the 'I"e}al:{om (:a,‘cu!uj. For any
relation T the Ewo eq/u_a(:n'om.ﬁ
X [_Jv X_;’R-z)X] arecl

X [J\/’R;X*—*)X]

biave Lhe sarme sbtrongest bo]ul:fom.
AR 29
(ll— AS l:aken ror- jr*antec{ here thab each

A"rwll'vlduql e uaLL-s'ora l’m.s a Atronjebb
Ao lu brom A‘mc?eec{)

Let T and Q be the ‘r"eﬁpech've
/_’31:1"0@6_5(: solubions, (e —éFe”{tcl oul —

(o) (X: [TaX] A~ [X:RoX]: [Pax])
(bb) [J =7P]
(bc) [PsR = P]J

(la)  (VX: [T5X] ~ [Rix=X]: [QaX])
(k) [J=» Q]
(ly [R:Q » Q).
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Then the theorem skates: [F=Q) |
\/\/e PVOVQ [?"9 Q ] a EI"IQ Y‘”‘emal'ﬂ{’mg
Q= P follows from dual Lj .

[P Q]
& {(OG) weith X< Q} )
[J2G8] ~ [Q:R = Q]

{ (k)]
[Q: % =» Q]

AL this point both (b} and (1c) are a\op{c"m
cable by sz'mj the tramsikiviky of =,
but [90#:1’7 5(‘3[0( H039€l€.5j Y728/ e.xlor“esﬁt’ons

So we now pnust Seek to massage our

EX?re,‘ss(ow /_‘suc,n thr a b (1a) becormes a&o&a’!“(’q’:\f(_,
(.e. thassage bt the 'Cc)rm

[Q =) z.‘mmeélm'ﬂj]“ Rnd ot this polnt o As
_gooc.( bo realize that 'éserm'“(compos:’bt'on) AS
Mmfven’éa”j C[s'_sjumcél've A both al:ﬁumeml-_s.

(Ir’i i:"!c (a@él'ce O‘r PrederQl:€5J "/.faur;r‘e(ma“ are
Ca”ec{ "da‘?)'unchons"_)

We viow dEC!'Y‘iC (umc&fon ( JD_Q
[(X = X;R]

Scnce ik s vaersalb cdisjunchive, (¢ has

G LLr-"F:er Gt&[o:'.:: clc:Um'mbJ to be Ca.”ed B
5o wWe lﬂave

gy [FX>Y1 = [X2457Y] (VXN

1]



AvGies [ WD - 3

'ﬂqe CO)“l"QbIOOV‘)C“;ﬂj camce”ah‘om ru.lf_s' are
(2)  [X o> g9 (EX)] X and
(b [0 (g:Y) =2 Y] (VY

And row we are read_u; ko resutrre Ouir

Col}Cu‘c\L-ron :

[Q,R = Q]

= -{Q’.E{li‘r‘)l'L‘l‘O”l 0[ F Jl
[(Q 5 Q]

z { Cralols comnmeckion ((2)}

[& = 4-G]
e | (1a) with X:=g.Q]
[(J29.Q) ~ [R;5.Q >9G]
= { Gralois conmeckion (1)
0n bokh ComJur:cE;s}
[f]-Q) ~ [f(Rig. Q) » Q]
{ deliviilkion of f
on bokh Coru'umr_l:b }
[J_SKR 3)@} A [("R,_‘j@}ﬂ,« =) Q}
[irstk ConJuncE eqguivales Erue
{bee below. a.jsoc(ql::'vfly of sem:
on khe second Cum_jumcé}
[ R (B@.a/l?) 2 Q _]
dg(r'm;‘lzl'oh OF F }‘
[ Rs £(g:Q4) 5 Q]
& [ cancellation rule  (3b) ‘wav Y==@]'
I R. Q@ = Q]

)i

M

m
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[ K:Q » Q |
{({c)‘}

Erue

i

\/\/l")ak Te€mains 45 ke (él’m\o'e) P\”Oor Of
[JsR=>Q]:

-

Jo K
= {c'dembr'ly of éem(}
<,J
=) {('b)_ and mormotonicity of /&.emc'}
<5 Q
» 4 (9]
Q
1S X
x
Firnal q?emm’]?s

In the above we A'ml:eml:l'onauy used ke
neukral and meqm’rglesﬁ Mavhnes C
Cor Lhe Galors acjocnks, rather tham
A'ﬂ&r‘oclwce'r’}j some &ortb or Fac’:or notabion .

e In kl’;e akove

oubt our man l']/)u

and _9

roo[ Wwe 4‘m(:en(:i'or1a”_(j carriec
ral-.-l'ons in kerms of [

Qas mucl’l as 055{[:3’6, t"aﬁ-lder' (:"[ﬂah tr kerms
OF Abs f:spec{(rc frstance n l:{m',:; exavmpfe,

such for the éa)'?e op 6t'mto‘{€5t‘h_5 pa[:ker'h
Y’hc\}:cim'n__g :

. I the above }orogF we Anten (:[oha”g
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devolted a x.'_\.[:EtO to the associabivily of
Aevnt IOCu,ss('nj klﬂe atben biorn on e
"other " Po.rsimj A5 or sbmost heuriskic
,t'mporbance (reg ardless of whether the
Proop 45 Olebi'jmec(/r‘ead {rom L'oF to
bhotbtowm or Srom bokbom to to)o!).

v The tntended moral o[ course s, Lhal
WLIEV‘) a Mmiversaﬂﬁ J'umcf:;‘ve_ fumction s
(nvolved, a bell should T‘(rjjthﬂ: thal

fumcl:iom has o (Galers mc{Jomln

Erndhoven,
26 March 2001

AT M varn Gasteren
WH.T Feijen



